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ABSTRACT : This “book serves as an introduction to the study of vhe ballistics’ 
of long-range missiles. It discusses flight theory and methods of eatcuteetne 
trajectories. The author expresses appreciation to P,. P, Karaulov, 
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various paragraphs of the book. There are 13 references, all Soviet. 
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Dedicated to the Memory 
of Academician Sergey 
Pavlovich Korolev 


PREFACE 


Expounded in the book are certain theoretical bases and the most important 
practical methods of investigation and calculation of motion of the center of 
masses of guided long-range ballistic rockets. 


whe took is intended basically for those who for the first time are enctuntered 
with the tallistics of long-range rockets. Therefore, the authors have tried as 
far as possible to give a presentation on ali problems of ballistic cnaracter 
with which one must encounter in the process of the designing of rockets. Along 
with an acccunt of questions of the theory of flight and methods of calculation of 
the trajectory, the reader will find in the book the formulation of & number of 
problems whose development can be of considerable interest. These are basically 
problems referring to the selection cf the form of trajectory and to methods of 
control of the flight range of rockets. 


The book consists of four parts, 


In the first part there is conducted an analysis of forces and moments having 
an effect aon the rocket; there are general equations of motion; there is investigated 
the possibility of their simplification depending upon the character of the 
problem to te solved and, finally, integration is conducted of equations of motion 
for free flight in a vacuum and the solution of these equations is investigated, 


In the second part questions are examined connected with the practical 
solution of the basic problem of ballistics and problem of designing: the method 
of calculation of the trajectory and composition of preliminary tables of firing 
and an analysis of the influence of basic design parameters on flying characteristics, 


The third part is devoted to dispersion with the firing by long-range rockets 
and adjacent questions, ir particular, the influence of certain peculiarities of 
the control system and propulsion system on the accuracy of fire, 


Examined in the fourth part is the problem on the selection of the so-called 
pitch-law program of the change in angle of inclination of the axis of the rocket. 
The pitch program determines the form of the powered-flight trajectory and thereby 
influences both the fiying range of the rocket, its other flying characteristics, 
including the accuracy of firing. 
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This bocx can serve as an aid for students of higher educational institutions 
and engineers specializing in the field cf ballistics of rockets, 


Contsibuting to seperate paragraphs of tne book were P. P, Karaulov ard S. S. 
Roranov; @ number of useful remarks were made by M. S. Florianskiy, The authors 
are grateful to 411 of them for the help rendered. 
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INTRODUCTION 


By long-range rocket (PJ) we mean a controlled aircraft with a reactive 
engine intended for the transfer of a payload at great distances on a preassigned 


trajectory, a greater part of which passes in very rarefied layers of the 
atmosphere. 


Long-range rockets possess a number of peculfarities separating them in an 
independent class of aircraft. The dynamics of their flight has much in common 
with the dynamics of flight of aircraft, artillery shells, unguided rockets, but 


at the same time it obeys in many details its special regularities and therefore 
requires independent investigation, 


The PR trajectory consists of two sharply differentiated sections. On the 
first section, which is called the powered section, the rocket collects kinetic 
energy. By the quantity of accumulated kinetic energy at the end of the powered 
section the PR] sharply differs from other transport means. Having a mass of 
payload of the same order as that of a bomber sircraft, the PI attains a speed 
considerably exceeding the speed of artillery shells. But this speed is gathered 
by the rocket gradually and is attained in greatly rarefied layers of the atmosphere, 
which permits bringing to a minimum of the expenditure of energy on surmounting 


atmospheric drag. The quantity of accumulated kinetic energy is the most important 
index of the Pill perfection. 


On the second section, called the free-flight trajectory or the free ballistic 
path, the accumulated energy is used for transportation of payload at a great 


distance. According to the character of the use of the PI] energy, it is possible 
to divide rockets into two basic groups: 


a) ballistic rockets flying after the turning off of the engine similar to 
artillery shells and controlled only prior to the moment of the turning off of the 
engine; 


b) glide rockets, controlled during the period of the entire trajectory, 
which use aerodynamic lift to increase the ?lying range. 


In this book only ballistic Pillare examined. 


Long-range rockets, just as artillery shells, fly on trajectories assigned them 
before launch. But, in contrast to artillery shells, the PI are controlled in 
flight, enabling the possibility to a considerable degree to compensate the 
influence of a number of causes having an effect on the powered section and leading 
to a deviation of the actual trajectory from the assigned. The control system 
of the ballistic PQQ solves the following problems: 
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a} maintaining the assigned, gradually variable during flight, orientation 
of exes of tne rocket in space (control of motion around the center of gravity); 


b) maintaining the assigned direction of flight and form of trajectory and 
also of the given value and direction of the speed of flight (control of the 
motion of the center of gravity); 


ce} turning off cf the engine at the moment when the Kinematic parameters of 
motion of the center of gravity of the rocket (speed, its direction and coordinate 
of the center of gravity} in totality provide flight for the assigned distance 
(range control of the flight). 


The control system thus provides flight of the rocket in accordance with the 
performed aiming and setting cf the control instruments, but the very problems of 
aiming or guiding of the rocket at the target are not solved by it. 


After turning off of the engine the greater part of the flight of the 
ballistic rocket occurs in practically a vacuum under action of forces not 
controllable but those which are exactly well-known, This, on the one hand, 
excludes the possibility of control on the greater part of the section of free 
flight and on the other hand, increases the accuracy of firing. 


The named peculiarities of the PJ] determine the specific character of 
ballistics — the theory of their motion. On the powered flight trajectory the 
motion of the rocket should be examined taking into account, first, the great speed 
of change of the mass of the rocket and, secondly, the presence of control. The 
first circumstance makes the laws of mechanics of bedies and systems of constant 
mass inapplicable in final form to the study of motion of the rocket, and the 
second compels one to examine the motion of the center of gravity of the rocket 
Jointly with the motion of the rocket around the center of gravity. It should be 
noted that just as in ballistics of artillery shells the motion of a rocket around 
the center of gravity is examined neglecting the small oscillations around the 
center of gravity. Bases for this are even greater that the control system should 
extinguish oscillations of the rocket. 


In examining the motion on the section of free flight, due to the great 
distance, altitude and speed of the flight, it is necessary to consider a change 
in acceleration of terrestrial gravity in magnitude and direction and the influence 
of rotation of the earth. But then the investigation of the trajectory is 
facilitated by the small magnitude of aerodynamic forces on the free ballistic 
path and at the end of the powered section. There appears the possibility of 
methods of approximation of the calculation which possess high enough accuracy but 
at the same time are simple. 


Ballistics of PIL snould solve the following problems: 


1. Determination of the trajectory and other basic characteristics of the 
motion of the rocket with well-known design parameters und contrcl system with 
assigned sighting data (direct basic problem) or, under those same conditions, 
determination of sighting data from assigned launching points and the target 
(inverse problem). 


2. Selection of the form of trajectory providing the best use of yvossibilities 
of the rocket (selection of the control program). 


3- Investigation of the dependence of flying characteristics of the rocket, 
in the first place, range of its flight, on the design parameters for the purpose of 
selection of most advantageous combination of these parameters (ballistic designing). 


4. Investigation of the influence of different perturbing factors ~ scattering 
of design parameters, change in externsl conditions of fiight, errors in control 
instruments — on flying characteristics of the rocket (investigation of dispereion 
and related questions). 


These problems are closely connected with the solution of a number of other 
problems related to aerodynamics (determination of the magnitude of aerodynamic 
forces and thermal regime of construction depending upon the selected trajectory), 
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dynamics of construction @esign of elastic osciliations and osciliations of liquid 
in the tanks}, theory of automatic control (investigation of processes of 
stabilization and stability of motion of the rocket on its calculated trajectory, 
selection of laws of control), calculation of design of the rocket for strength 
(determination of loads on the construction and their dependence oa the flight 
path), and other disciplines. The great role of ballistics in the solution of 
design problems is very great: the selection of the configuration of the rocket, 
its design and values of its constructive and power characteristics, which in the 
very best manner correspond to requirements presented to the given rocket. All 
these adjacent questions are partially and briefly touched upon in the book only 
in connection with the solution of the above-mentioned problems of ballistics. 

The very problems of ballictics, which are thus reduced to the investigation of 
the undisturbed motion of the center of masses of rocket, are examined neglecting 
many, sometimes very important, details in order to pay attention to the basic 
peculiarities of these problems, the regularities with which they obey, and methods 
of thelr solution, Knowledge of these methods and regularities will allow an 
engineer to begin independent work in the field of ballistics of rockets, 
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GENERAL THEORY OF MOTION 
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CHAPTER Tf 
SYSTEMS OF COORDINATES 


§ 1. Terrestrial Coordinates 


We will examine the motion of rocket in the rectangular coordinate system 
Oxyz, which is motionlessly connected with earth (Pig. 4.1). This system of 
coordinates will be called terrestrial. The axis Ox of the terrestrial system will 
be directed along the tangent to the surface of earth 
at the point of launch in the direction cf aiming, 
axis Oy — vertically upwards at the point of start, 
and axis Oz = in such a way to obtain the right-handed 
system, i.e., perpendicular to the plane Oxy to the 
right of the direction of aiming. We consider earth 
a sphere with a radius R = 6,371,110 m (the volume of 
such a sphere is equai to the volume of a terrestrial 
spheroid). The point with coordinates (x, y, z} has 
with respect to the center of the earth radius vector 


Fan 2x*-+ (R+ y)y¥ + 22°: (1.4) 


the length of the vector 


re VRE PO+H (4.2) 


4s the distance of *his point from the center of the 
earch. The altitude of this point above the surface 
Fig. 1.1. of the earth is equal to 


ber Rm VREPTETE Ry 


The terrestrial system of coordinates is not inertial, since it participates in 
the rotation of the earth around its axis, accomplishing a full revolution in one 
stellar day (86,164 s}. The angular velocity of rotation is equal to 





Oy ey 720-10, ere 


The vector of the angular velocity of the earth sy is directed along the axis 


of rotation from the south pole to the north, since the rotation of earth occurs 
from west to east. If we designate the geographic latitude of the point cf launch 
by * then vector >, can be decomposed into two components (Fig. 1.2): vertical, 
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directed along the axis Oy. 
#,, =u, sing, 


and horizontal, directed in the plane Oxz on the 
tangent to the meridian: 


gy FO, 508 @,, 


The horizontal component in turn can be decomposed on 
axes Ox and Oz into components 


fig, 0, C08 ©, COS F, 
Oy, ms — &, COS E, Sin Y. 


Thus the vector of angular velocity of the earth 
Fig. 1.2. can te represented in the form 


, a= @, (cos q, cosy x* + sing, ¥¥— cos¢, singe, = (1.5) 
Motion of the center of gravity of earth in space will be considered 
rectilinear and uniform, disregarding the curvature of the terrestrial orbit. 


The point moving relative to the terrestrial system of coordinates, with 
moving coordinates in this system x, y, B, has a relative epeed of 


; S s 1.6 
em ix} yy + it (358) 
and relative acceleration 
J, = 24 + yy + 22". , {4.7} 
Absolute acceleration of this point will be equal to 
J=5,4+4,.4+ 4, (1.8) 


where J, is the translational acceleration equai to J, == 0, X (3 X #) = @ (95-7) — re}. 
J,==2%3X0 1s the Coriolis acceleration. 


Using expressions (1.1), (1.5) and (1.6), we will find the decomposition 
of vectors J. and de about axes of the terrestrial system of coordinates. The 


scalar product m.-y can be given in the form 


8 
03-7 = O37. 


where 


f= £608 g, cos $+ (R + y) sing, — zcos¢, sing (1.9) 
is the projection of radius vector y on the axis of rotation of the earth. 
Consequently, 
. J, = Oy M — Oy = 0} f(r cos ¢, cosy — x)x* + 


(1.10) 
+r, sag, — R— YP +(— £4,508 ¢, sing — 2) 2"] 
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Jem 2 | 6084, cos® we, sing, —e, cose, sing | oe 
Gis. i 
am 2u, Hy cosg, sing + zsing,) x* + 
+(— £cosg, sing — 2 cong, cos py’ + ° 
| -  (— Tsing, + y cos ¢, 0s g) a4. (1,114) 





§ 2. Bound Coordinates 


SY PTR RET eT 


Besides the terrestrial system of coordinates, we will use the rectangular 
system of coordinates O4,%1¥424 (Pig. 2.1) connected with the rocket. In short 


we will call this system bound. We place the origin of the bound system of 
coordinates at the center of gravity of the rocket and direct the axis 0,%; along 


the longitudinal axis cf the rocket toward its summit, At ‘aunch the rocket is set 
vertically, and therefore at the time of launching exis 05%) coincides in direction 


with axis Oy of the terrestrial system of coordinates. Axis 0,2, will be directed 


in such a manner that it at that same moment is parallel to axis Oz; then axis 
O,¥4 will take a direction opposite the direction of the axis Ox. In other words, 


the direction of axes of the bound system of coordinates at the time of launch 
will coincide with directions of corresponding 
axes of the terrestrial system if one were to turn 


the latter at an angle of g0° around axis Oz in 
a direction from axis Ox to axis Oy. 





In flight the directions of axes of the 
bound system of coordinates with respect to the 
terrestrial are changed. We will determine then 
by angles of three turns, which it is necessary 
to produce in definite order in order to combine 
directicns of axes of the terrestrisl system with 
directions of axes of the bound system of 
coordinates. 
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Since we are now interested only in the 
direction of axes which are not changed with 
Fig. 2.1 parallel translation, then we preliminarily combine 
eRe ¢ by means Of parallel translation the origin of the 
terrestrial system of coordinates O with the origin 
of the vound system 0,- After that we will perform the following operations: 


1. Let us turn the terrestrial system at angle @ around axis Oz in such a 
manner that the plane Oxz passes through axis Ox, 5 the obtained system will be 
designed Oxty'z', 

2. With a turn around axis Oy' at angle € we combine axis Ox' with axis Ox, 3 * 
the obtained system will be designated Ox"y"z". 
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3, With a turn around axis Ox" at angle y we combine axes Oy" and Oz" with J 
axes Oy, and oz,. 


As a result of these three turns, the terrestrial system will be combined with 
the bound system. Let us find the formulas of transition from one system of 
coordinates to the other. The transition from system Oxyz to system Ox'y'z! is 


A kl a a a a aad 








expressed by formulas 


x’ am x Coby + ysiag, 
y' =e —xsing -ycos¢. (2.1) 
ame. 


DP ee 


Formulas of transition from system Ox'y'z! to system Ox"y"z" have the form 


"az x coxt — 2’ sint, 
yxy’, {2.2} 


a” xx x’ sin? + 2’ cost. 


Pinally, the transition from system Ox"y"z" to system OXY 425 4s carried out 
by means of formulas 


x, = x", 
yy = yy" cosy + 2% sia g. (2.3) 
£m — y* stat 27 cos Q. 


Substituting exprissions {2.1} for xt, y', z!' into formulas (2.2), we obtain: 


x” mm x cosq cos? -}-y sing cos? — gsink, 
yf’ = — xsing + y cose, 
2" ow x cos ¢ sind + ysing sind + zcost. 


If these expressions for x", y", 2" are substituted in formilas (2-3), then 
we will find the formulas interesting to us of the direct transition from the 
terrestrial system Oxyz to the bound system O,%4932, (on the above-mentioned 


condition that the origins of both systems of coordinates 0 and 0, are combined): 


5, es X COS cost ++ ysingcos$ — rsink. 
Ju == 2(— sing cos 4-+- cos ¢ sin f sia y+ 
+ ¥ (cos cos 4+4-singsings in} -+ scos$ sing. (2.4) 
2, == x (sing sin 4+- cos q sinE cos 4) 
+ ¥ (— cos g sia 4 -}- sing sin f cos 9) + 2 cos § cosy. 


The geometric meaning of angles g, & and 5 is the following: the angle 9 
determines the position of the inclined plane perpendicular to plane Oxy and 
passing through the longitudinal axis of the rocket, the angle & is the angle 
(in this inclined plane} between the longitudinal axis of the rocket and plane 
Oxy, and finally, the angle 4 is the angle of rotation of the rocket about the 
Longitudinal axis, It is accepted to call 9 the pitch angie, = — the yaw angie, 
and 4— the yo} angle. 


Qne of the problems of the control system of the flight of the rocket is that 
in order not to allow the appearance of great values of angles — and yn, and to 
change angle @ according to the assigned law defined beforehand. 

Since we examine the normal flight of the rocket with a properly working 
control system, we will consider angles — and y small and replace their cosines 
with unity, and the sines with the angles themselves: 

cossecosy=st, sing=3, 0 sinnax=y 


Producing such replacement in fomoilas of transition (2.4) and rejecting terms 


id 


containing the product of small quantities & and 1, we will obtain the following 
sieplified formulas which we wili use henceforth: 





Xe 2 COBG + y sing — 22 
yy we — x sing + ycosg + 27, (2.5) 
8, 5 (300s g + Hsing) + ry Gsing — ycos g) + 2. 


Coefficients in these formulas are cosines of angles between axes of the 


(fable 2.3} and tound syatems of coordinates or the so-called direction cosines 
@ 2.1). 
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Table 2.3 
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If components of a certain vector A on axes of the terrestrial system of 
coordinates are equal to A,» Ay: A, then on axes of the bound system this vector 


has the following components: 





Ay = Aycosg + A, sing — AE 
ay, = — A, sing + A,cosg + Am, (2.6) 
Ay, = Ayhoosg + sing) + A, Gsing—-1005¢) + A,. 


Conversely, the vectorial components in the terrestrial system are expressed 
in terms of components in the bound system by means of sucn formas: 
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shy = Ag, Cos — Ay, sing -+ Ay, Goose -+ asin g). 
Ay = Az, 80g + Ay, cos E+ -1,, Gsing — 460s g). {2.7) 
Ay = — Ani + A,At As: 


During the flight of the rocket angles 9, € and 4 do not remain constant. 
Let us designate their derivatives, as usual, by 9, and yn, and let us find the 
form of nonholonomic constraint among thes: derivatives and projections By 2 By 
i 1 
»D, ef the angular velocity of the rocket on the axis of the tound system of 
1 4 
coordinates, Vector » is directed along the axis Oz Of the terrestrial system of 
coordinates. Its direction cosines coincide with coefficients at z in equations 
2.4) and in simpiiried form are contained in the last column of Table 2.1. Vector 
is directed along the intermediste axis Oy' (Oy") iying in plsne OY 424 and 


generator angle yn with the axis Oy, and angle go? + nj with the axis Oz, 
Consequently, its direction cosines in the bound system of coordinates Ox,Y52, will 
be (0, cos q. -Sinn). Pinally, the vector n is directed along the axis Ox, and 

+ 


has direction cosines (1, 0, 0). Consequently, the nonhclonomic cuistraint 
interesting to us has the form 
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%, = 9 con cos g— Tsing. 
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CHUA RUPE R Il 
FORCES AND MOMENTS ACTING ON THE ROCKET 


Sy rocket as a mechanical system we will imply all those masses which at the 
given morent of time are included in the volume limited by the external surface of 
body and control surfaces of the rocket and by the plane of exit section of the 
nozzle (or nozzles) of the engine. 


On the rocket the following external forces acts: gravity, aerostatic and 
aerodynamic forces and forces from controls. Gravity is the mass force, i.e., is 
composed of elementary forces applied to each particle of mass of the rocket. The 
remaining forces which are surface, namely, aerostatic and aerodynamic forces, are 
composed of elementary forces applied to each elementary area of the body surface 
of the rocket, and forces from controls in this way are composed of elementary 
forces on the surface of the control surfaces. 


Let us proceed to the investigation of these forces and moments. 


§ 3. Gravity 
Gravity, or the weight of rocket, G, is expressed by well-known formula 


Cum mg. (3.4) 


The mass of the rocket m is determined by operating conditions of the engine 
{flow rate per second) from switching on of the engine prior to the examined 


moment of time. If by m we designate the flow rate per second of mass through the 
nozzle exit section, i.e., the absolute value of the derivative mass in time: 

a~|F|=- 4. (3.2) 
then for the mass of the rocket at the time t will be obtained by the following 
expression: 


a 
a= ma, — f aat. (33) 
“ous 


where taxn is the moment of the switching on cf the engine prior to which the mass 


of rocket is not changed and is equal to Morn 
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The flow rate per second, in general, is inconstant. Considerable changea in 
the flow rate occur in transient conditions of the operation of the engine (switching 
on, switching te a smaller thrust, complete turning off). But also during operation 
of the engine in the steady-state operation there teke place changes of the flow 
rate per second caused by the change in acceleration of the motion of the rocket, 
the altitude of levels of liquids in tanks, and so forth. Therefore, the 


calculation of the mass of the rocket in general should be produced by the formula 
(3.3). 


By accéleration of terrestrial gravity g we mean pure Newton acceleration, 
caused by only the action of the force of mutual attraction between earth and the 
rocket. Since earth is considered a sphere, the acceleration of terrestrial gravity 
depends only on the distance of the point to the center of the earth: 


enue (3.4) 


and is directed to the center of the earth. 


Here f = 6.670-10744 m/e s* is the gravitational constant; M = 5.9763-10°" kg 
is the mass of earth (fM = 3.9862 x 19% m/s); Bo = 9.820% n/s* is the 
acceleration of terrestrial gravity at the surface of earth. 


Usually the acceleration of terrestrial gravity is united into one quantity 
with centrifugal acceleration caused by the rotation of earth, since the physical 
manifestation of both accelerations for bodies quiescent on the surface of eurth 
is absolutely equal. But we will not do this in general because the magnitude of 
these accelerations is determined by various factors, 


§ 4. Atmosphere 


Terrestrial atmosphere is the medium in which flight of the rocket occurs. 
For a determination of the quantity of forces having an effect on the rocket it 
is necessary to know the basic characteristics of this medium: density, pressure 
and temperature. These quantities greatiy depend on a number of factors: altitude 
of the point avove the surface of the earth, geographic latitude, time of season 
and day, and so forth. But for practical purposes there is taken into account 
the dependence of characteristics of the atmosphere only on altitude. This 
dependence is given in tables of standard atmosphere [4]} utilized during 


calculations of trajectories. The atmosphere is considered motionless, i.e., wind 
is not considered. 


Temperature T, pressure p and air density p are connected with each other and 
with the altitude above the surface of the earth by the equation of state 


p=pRT (4.1) 
and by the differential relation of equilibrium 
dp = — godh. (4.2) 
Here R = 287.05 m* is the gas constant for 1 kg of mass of air. 
s"edeg 
Excluding p from (4.1) and (4.2), we will obtain 
4? tM 
>...UCOR 


and after integration from Py to p and from 0 to h: 
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Zar! Sie (4.3) 
From expression (4.1) it follows: : 
e 7 
KUT 
or, inserting p/p, from (4.3), 
a 
& 
- - fF (4.4) 
gayee™, 


§ 5, Aerodynamic Forces 


Plight with nonoperati engine. Aerodynamic forces are the result of the 
influence oF the SHvTFoRment on tre surface of the rocket during its motion. From 
the general surface of the rocket S we separate the external surface of the body 
Ss. and the surface, more accurately the section of the exit plane of the nozzle 


S,° The surface of jet vanes and forces having an effect on it are not as yet 


examined. Acting on every element of the surface are, in general, the normal 
force odS and tangent force tdS (0 and t, consequently, designated the normal 
and tangent forces having an effect per unit of surface area of the rocket at 
the examined point; see Fig. 5.1). The total force having an effect per unit of 
surface area of the rocket will be designated by p, so that 


: guc+t. (5.1) 





Fig. 5.1. 


If rocket is motionless, then 7 = 0, and oc = p (p — air pressure). During 
motion of the rocket t # 0 and co # p. The difference 


@mo— pp (5.2) 2 


is the excess pressure of air on the surface of the rocket. It can be positive 
and negative, In the latter case it is called also rarefaction, which is created 
at a given point of the surface of the rocket. 


The force R, appearing as a result of the influence of air on the whole 
surface of the rocket, is equal to 
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This integral can be divided into two integrals, the external surface of the body 
of the rocket 5. and the area of the nozzle exit section 5,: 


R= f pas+ f eas. (5.4) 
s $. 


For the motionless rocket the pressure of air over “he entire surface of the 
rocket is balanced: 


R=0, (5.5) 


but each of the twc integrals 
f aes ana f ees (5.6) 
4%, %, 


is not equal to zero. Let us designate the vector with length p, directed on the 
normal to the element of the surface aS, by Pir 


Integrals (5.6) for the motionless rocket can be recorded in the form 


J mas and f pes. 
s, s 
since p in this case coincides with Py and equality (5.5) takes the form 
R= f p.dS+ J e.dS =o. (5.7) 
. 5, a, 


Inasmuch as surface S, is flat and perpendicular to the axis 0,%,> integral 
f pedS. which is the force of air pressure on this surface, is equal to 
8 


e 
J rdSmS px, (5.8) 
% . 
and on the basis of (5.7) 
p,4S = — Be dS =z —~S, px. 
J J - (5.9) 


The integral of the torn { peas is called aerostatic force having an effect on 


the surface S, Equality (5.75 shows that the aerostatic force, having an effect 

on the whole surface cf the rocket, is equal to zero. Strictly speaking, this 
force, according to the law of Archimedes, is equal to the weight of air in the 
volume occupied by the rocket. But this quantity can be fully disregarded because 
of its smallness in comparison with not only the remaining forces having effect on 
the rocket, but also with errors of determination of these forces, Formula (5.9) 
gives the magnitude of the Serostatic force having an effect on the external surface 
of the body of the rocket. 


Returning to the case of the moving recket, eacn of the integrals entering 


into formula (5.4), on the basis of expression (5.1), will be divided into the 
sum of two integrals 
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R= feas+ feast f2es+ f vas... 
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In this expression each of the integrals from the normal force 
o« Py + o' (where co‘ is the excess normal pressure) in turn can be represented in 


the form of the sum of the two integrals: 


ae raS+ [<4S éS+- {eas s. : 
R nest aa + fn J a (5.10) 


The sum of the first and fourth terms in this expression (see fermula (5.7))} 
is equal to zero. 


Forces determined by integrals of the form i e 4S an J 248. and also by 


3 é 
sums of such integrals bear the name of aerodynamic forces. Aerodynamic forces 
turn into zero both for the whole motionless rocket and for separate sections of 


its surface. 


Equalities (5.10) and (5.7) show that the force R, with which air acts on the 
whole surface of the rocket with a nonoperating engine, constitutes an aerodynamic 


force which we will call full serodynamic force. 


The motion of air in the nozzle exit section can be disregarded and then the 
tangent forces will disappear: 


tly =2. {5.14) 


(from this it follows that the sixth term in formula (5.10) turns into zero), and 
the normal pressure about the quantity will be constant: 


O'|,_ = const. 


This constant will te designated oy and let us call the bottom rarefaction 


for the nozzle section of the engine (it is assumed that the rocket does not fly 
with the nozzle forward and, consequently, oF <0}. The constant pressure on on 


the surface Ss gives a force of pressure Xa ye equal to 


Kuo [rds So, (5.12) 


if.e., the fifth term in formula (5.10) constitutes a force in magnitude equal to 
s,1%! and directed along the axis of the rocket from the summit to the tail. 


Porce Xan will be called base drag, or the suction drag behind the engine 


nozzle, 


Let us note that the base drag will be formed not only behind the nozzle but > 
also behind other face areas on the rocket which we have inclvded in the external 
surface Se: Base drag Xane? forming behind these areas, will. a pert of the 


integral ees. « This whole integral is the resultant of excess pressures te 

% 

about the external surface of the rocket body. Let us expand this resultant into 
two vectors: vector X.,, directed along the axis of the rocket, and vector Yqs 


directed along the perpendicular to the axis: 
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co 


wt tte ee se 
a a te ee A Mn a ee 





fe s=x,+%, (5.13) 
% 
We will call force X15 une axial force of pressure, and force Yy the normal 
or lateral aerodynamic force. 


Finally, the third term in expressi.m (5.10} constitutes the resultant of 
tangents forces, or forces of friction, about the external surface of the rocket. 
This resultant is almost exactly directed along the longitudinal axis of the rocket. 
We will disregard its deflection from the longitudinal exis of the rocket and 
consider only the axial component of this force, which we denote by Xx. and call 
the axial frictional force: are 


Xu,» = f sas. (5.14) 


Thus the expression (5.10), on the basis of equalities (5.7), (5.11)-(5.14), 
can be thus recorded: 


R=R yt Xing i Xi, Y;. (5.15) 


The sum of the first three terms (5.15) constitutes a force directed along the 
axis of the rocket, which we will call axial aerodynamic force and will designate 
by X 

ty 


H.— Xat Xie + Xe (5.16) 


Finally 


R= X,+Y¥,. (5.17) 


If the axis of the rocket is directed along the tangent to the erasece ery? then 
the flowing around of the rocket will be symmetric relative to its axis. 
distribution of pressures and forces of friction will be symmetric and, 
consequently, the normal aerodynamic force will be equal to zero. 


If, however, the axis of the rocket will form with the tangent to the 
trajectory a certain angle a, called the le of attach, then for rockets close 
in form to the solid of revolution (and only such rockets are examined by us, the 
flowing around will be symmetric with respect to the plane passing through the 
axis of the rocket and through the tangent to the trajectory. With this the normal 
aerodynamic force and, consequently, the full aerodynamic force will be disposed in 
this plane. 


During noraal flight of the rocket the angle of attack occurs small, of the 
erder of several degrees, Experimental and theoretical research shows that for 
such angles of attack the axial aerodynamic force and all its components depend 
little om the angle of attack, and the normal aerodynamic force is directly 
proportional to the angle of attack: 


Y, = Vie. (5.18) 


The full aerodynamic force is frequentiy distributed not on the axial and 
normal components but on the dr X directed along the tangent to the trajectory 
opposite the direction of the mction of the rocket and lift Y¥, directed along the 
normal to the trajectory (Fig. 5.2). On the figure point 0, is the center of 


gravity of the rocket, and point D is the center of pressure (point of application 
of force R). 
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Let ::s find the expression for the value 
of drag and iift, Frejecting forces x, and X, on 


directions of the tangent and normal to the 
trajectory, we obtain 


X on X cote + Y, sina, 


¥ ac — X, sina -+ ¥, cose. (5-19) 


For small angles of attack one can assume that 
cos a= 1, anJ sin a « a; using equality (5,18), 
we copy these expressicns in the form 


X= KX, 4-02 =X, + Vie’. (5 20) 
¥ w—Xa+¥,—(",—X)e=P'e, 


where 
Y =¥i—X;. (5.21) 
Solving equation (5.19) with respect to X, and Y,, we find inverse relation: 


X= Xcosa — Ysiae. 
¥, =: X siaa +- ¥ cosa. 


or, spproximately, 


X= X — You X — Y"e’, | 
¥, = Xa+¥ = (X + Pe. (5.22) 
Usually aerodynamic forces are expressed thus 
Xess. ° (5.23) 
Vane ¢S = ¢,9Se. (5.24) 
X= 0,95. (5.25) 
¥y= 6,95 = ¢,95a, (5.26) 


2 
where gq = p 3 — velocity head; p — air density at a given point of the 


trajectory; S — characteristic area of the rocket (for example, area of the 
midsection — the largest cross section); cys Cys cy» cl. cy . cy — dimensioniess 
1 1 i 


coefficients bearing the name of aerodynamic coefficients. 


Powered sent. We will consider that the distribution of pressures and forces 
of friction about the external surface of the body of the rocket does not 

depend on the operation of the engine, i.e., during flight with an operating 
engine it remains the same as with a nonoperating engine. Regarding the nozzle 
exit section, the operation of the engine excludes any influence of environment 
on the plane of this section. 


Designating the average pressure in the nozzle exit section by Py» we can write 


J pes =:S,,x}. (5.27) 
5, 





With the cperation of the engines the pressure P. aiid also the whole integral depend 


only on cperating conditions of "he engine, and action cf air on the rocket 
appears only in the form of an integral on the external surface of the body of 
the rocket 


f eas. (5.28) 
4, 

Perce p, having an effect per unit cf surface irea of the racket, aa defore 
can be represented in the form of the sum of normal atmospheric pressure py. 


eacess pressure o' and frictional force t. Accordingly te integral (5.28) can be 
recorded in the form of the sum of the integrals 


f eas= f paS+. [2'as+ fras. (5.29) 
Pe 5 s, 


§, e 


For each of these integrals former expregsions and degignas icne {5.9}, (5.13) 
end (5.14) remain in force, and therefore 


J pdS—=—S,px}-+-%, 44,42, (5.30) 
% 


In the case of the motionless rocket p = Pye vl 2%, t = 0, and acting on the 
rocket from the side of the external surface is only the aerostaiic force 


f n4S—=—S,pxt. (5.24) 
5, 


This force will be united with integral (5.27), and we will call the sun 


Pam { pdS+ { p,dS=S,(9,— 7) 24 (5.32) 
4, %, 
static thrust. 


Let us call the full aerodynamic force for the rocket with an operating engine 
the sum of oaly aerodynamic forces in the formula (5.30) 


Ry g= Xin t Xisy + Yi. (5.33) 


Thus for the rocket with an operating engine the external surface force is 
composed of the aerodynamic force Ry L and static thrust Pan? Comparing (5.33) 


with (5.15), we see that into the full aerodynamic force with the operating 

engine there does nct enter drag of suction behind the nozzle of the engine, and in 
other respects it coincides with the full aerodynamic force with a nonoperating 
engine: 


Raz RK, + Xi, (5.34) 


Normal aerodynamic forces with an operating and nonoperating engine coincide, 
and the axial forces differ from each other by a value of the base drag behind 
the nozzle: 
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Yip sm ¥,. Kia Xia t Kigee X, — Xy,. (5.35) 


Formulas of transition (5.20) from the axial and normal aerodynamic forces 
to drag and lift and also expressions (5.23)-(5.26) for these forces preserve 
their form for the case of powered flight. 


§ 6. Control ané@ Control Forces 


Control system should hold in the assigned iimiis deviations of parameters cf 
the motion of the rocket from their computed values and thereby provide the 
assigned accuracy of firing. 


The coaplies of parameters measured and controlled by the control system can 
be rather diverse. Let us consider the simplest control system regulating only 
the angular parameters of the motion of the rocket around the center of gravity. 


The control system should consist of sensing devices which reac: to deflections 
of the rocket from the assigned las of motion and measure these deflections, 
effectors which create forces necessary for the change in motion of the rocket, and 


converting devices which receive signals from the sensing devices and produce 
commands for effectors, 


Since the rocket in motion with respect to the center of gravity possesses 
three degrees of freedom (for us, in particular, these three degrees of freedom 
correspond to the three angles 9, &, 4), the effectors of the control system should 
also have three degrees of freedom. With a smaller quantity of degrees of freedom 
of controls the latter cannot determine the motion of the racket around the center 
of gravity by all three degrees of freedom; with a large quantity the problem cf 
control becomes indefinite, since the assigned motion of rocket in this case will 
correspond to not one definite law of the motion of controls but an infinite 
mumber of such laws. But also under the condition that the number of degrees of 
freedom of controls is equal to three, there exists an unlimited possibility of 
the concrete realization of these organs. 


In exactly the same way sensing devices of the control system can be fulfilled 
by the most diverse principles and in different form. 


Consequently, equations connecting the motion of controls with the motion of 
the rocket (so-called control equations) can have an absolutely different form 
with various principles of operation and design of control system. In general 
they can be thus written: 


Pith (D. 2. 9. 200. ¢ O. 24D, 99} = 0, 


Fei, (th. 2). 919. 20. ¢ Oh EO. AO =O, (6.2) 
Pals). x. ¥(O. 200. € 0. 300. QO} ae 0, 


where bys Sos b, are deflections of effectors of the control system; Fis Po, 


3 
are functionals from functions taken in brackets, i.e., quantities depending 
not only on current values of these functions tut also om their preceding values 
starting from the moment of launch. This deper’ence can be rather complicated. 


In the subsequent account as an example we wili dwell on the control system 
of the rocket the sensing devices o” wnich are gyroscopic instruments — 
gyro horizon and vertical scone, effectors — Jet vanes, and converting devices — 
amplifier-converter and control] actuators. 


The right ani left jet vanes (see below Fig. 7.1) are deflected synchronqusly 
(and at an identical angie}, and thus the number of degrees of freedom of controls 
is indeed equal to three. 


Gyroscopic instruments each consist of a gyroscope and two frames, internal 
and external, the location of which at the time of launch is shown on Pig. 6.1. 
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In the flight the axes of rotation of the 
gyroscopes aaintain a constant attitude, i.e., the 
axis of rotaticn of the gyroscope of the gyro horizan 
Oe. remains all the time parallel to the axis Ox 
of the terrestrial system of cocrdinates, and the : : 
axis of rotation of the gyroscope of the vertical pe 
gyro 0,2, remains parallel to the axis Oz of *he 


terrestrial coordinste system. Axes of rotation cof 
external frames of the gyro-instruments sre connected 
with the oody of tne rocket, Consequently, in 

flight the exis of rotation of the externil frame of 
the gyro horizon Oe is parallel to axis 0,2, of 


the bound system of ccerdinates, and the axis of 
rotation of the external frame of the vertical gyro 
05%, is parallel to axis O59, of the bound system. 


oe mia a 


We will characterize directions of axes by 
their unit vecters so that 


FeRAM ee ee 





2 a *, (6.2) 
nae, (6.3) 
ty (6.4) 
Ban (S-5) 


Fig. 6.1. 


Now it is easy to determine the direction of 
the intermediate axes of gyroscopic instruments — axes of rotation of internal 
frames. The intermediate axis of the gyro horizon OY, is always perpendicular to 


two other axes of this instrument, os and ue » and consequently, 


Sia rs dinis Gtta 


eke KS (6.6) 
2 Taos] [RXe 


In exactly the same way the intermediate axis of the vertical gyro Oy is 
perpendiculsr to On%3 and On25 and, therefore 





a XH Xe 
*= Taxa] ~ tay" et 3 


_ With the help of Table 2.1 we obtain 


21K Mas at X (x}cosg — yPsing + 27 (Zcos¢ + ysin4)) = 
as yf cos ¢ + 2*sing, 
AX HH X(— sty + Y= ay + ah 


fe A ree me ee 


As before, disregarding the second degrees of quantities € and ny, we obtain that 
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[2x ]=[2x#]=1 P| 
t 
- and, consequently, formulas (6.6) and (6.7) can be rewritten in the form ie 
Ye = V2 sing + ¥? cos g, (6.8) 
Km + a. ee ! 


If in flight.the axis of the rocket has an assigned direction, i.e., the anglea 


€ and n are equal to zero and angle @ is equal to the program angle ®np? then \ ; 
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cursors of the potentiometers are at a zero position. In the vertical ro 

this is attained automatically, since the entire instrument, together with the 

body of the rocket, turns about the axis of the spin of the rotor, and the relative 
position of the frames does not change. In gyro horizon both frames and the 

cursor of the potentiometer connected with the external frame do not change 
position relative to the earth's axis, and so that the cursor will remain at zero 
the body of the potentiometer turns about the axis 0424 with respect to the body 


of the rocket et the same angle at which the rocket should be inc}ined according 
to the pregram from its initial position (i.e., at an angle of 90° - Hp) with 


deflection of the rocket from the assigned position the angles ¢, 7 and 
49 = Q - °np become diffurent fvom zero, and there simultaneously appear . 


displacements of cursors of potentiometers from the zero position: &!' — 
displacement (angle) of the potent .ometer cursor on the axis of rotation of the 
external frame of the vertical gyro, n' — displacement of the cursor of the 
potentiometer on the intermediate axis of the vertical gyro, and Ap — displacement 
of the potentiometer cursor of the gyro horizon (on the axis of rotation of the 
external frame). 


Examining the diagram of gyro-instruments (Fig. 6.1), it is easy to check 
that with the appropriate selection of directions of the reading the angle 
90° - &' 1s equal to the angle between axes 0,2, and O,%p? angle 90° - 7’ 18 
equal to the angle between axes O1y4 (0,x,) and O,2 p> and angle 9! = ®np + Apt 
is equal to the angle between axes O19, and Oy, The connection between angles 


€, n» 49 and €', n', and Ap! can be obtained by calculating scalar products of 
unit vectors of corresponding axes with the help of formulas (6.9), (6.3) and 


c0s(90°~ 3')ax af y= 2} (22-4 3%), 
08 (90° — a= ¥- a) = ¥} -(— 213+ ¥fn-+ 2) 
605 (Gap + Ag’) = y}- ¥2 = y}- (x7 sing -+-y8c05 9), 
whence 
sin 8’ a= 2, 
sin ’ = The 
603 (Faq -+- A¢') = cos@. 
These relations permit being once again convinced of the smallness of angles &! 


and yt,which enables replacing their sines by the angles themselves and writing 
following formula: 


2’ = 3, (6,10) 
y == f,. (6.11) 
and also 
Ag’ = ¢ —¢,, = Sg. (6.12) 
Pormulas (6,.10)-(6.12) give the connection between deflections of the rocket from ~ 


the assigned position and reaction of gyro-instruments on these deflections. 


We will not touch upon the work of the amplifier-converter and control 
actuators, which convert the voltages taken from potentiometers of the . 
@yro-instruments, which are directly proportional to displacements of cursors of 
these potentiometers, into angles of deflection of the jet vanes. Let us consider 
the concluding link of the control circuit — forces having an effect on the control 
surfaces. 
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The full force having an effect on the control surfaces found in the gas 
flow will be decomposed into three components — drag of the control surface % 


directed along the axis of flow, i.e., along the axis of the rocket, lift RK 


directed perpendicular to the axis of the rocket and to the axia of the control 
surface, and axial force directed in parallel to the axis of the control 


surface. The last force is small, and therefore we will disregard it, 
especially as for two opposite control surfaces the axial forces are balanced 
(wholly, if the angles of deflection of the control surfaces are identical, and 
partially if the angles of deflection are different). 


Approximately one can assume that the lirt of the control surface is 
proportional to the angle of deflection of the control surface: 


R= R%, (6.13) 


and the drag of the control surface depends on the angle of deflection of the control 
surface according to the parabolic law: 


Q, = Qua 2.47, (6.14) 


Furthermore, forces having an effect on the jet vane can be expressed as any 
gas-dynamic forces in the form 


9,u2 
prea oe (6.15) 
2 2 " 
Ry mcg “ELS, wa cr “EP SB, 


where Pp ~ density of gas in the section of the stream of the engine passing 
through the leading edge of the control surface; Up — speed of gas flow in the 
same section; S. — area of control surface; Co» Cpe Ch — gas-dynamic coefficient 


depending on the Mach number of gas flow and on the angle of deflection of the 
control surface, 


In the first approximation c,, analogous to the drag of the control wheel 


Qp + depends on the angle of deflection of the control surface by the parabolic 
law, Cp is proportional to the angle of deflection of the control surface, and 


CR thus does not depend on this angle. 


Subsequently we will examine only the total forces for all four control 
surfaces: axial force Xap equal to the sum of drags of the four control surfaces, 


Xp Qa + Qa Ast Qe 


or, on the basis of (6.14), 
X ip = 4Q,0-+ 2. (0) +83 -+- 05 +89), (6.16) 


and lateral forces: Yy » equal to the sum of lifts of control surfaces 2 and 4, 
and 24p? equal to the sum of lifts of control surfaces i and 3. 


Directions of reading of angles of deflection of control surfaces will be 
selected in such a manner that the positive angles of deflection of the control 
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surfaces correspond to positive lateral forces. T © we will consider positive the 
deflections of control surfaces 2 and 4 downwards, ad control surfaces + and 3 — 
to the left, depending on the flight (Pig. 7.1). “ h such condition we obtain 


Vip == R’, + Rb, = 2R'0,. (6.17) 


§ 7. Moments of Forces 


Let us find expressions for moments of forces examined by us with respect to 
the center of gravity of the racket. We will consider that the center of gravity 
lies on the axis of the rocket at a distance Xe from the summit, 


Gravity G always acts along a straight line passing through the center of 
gravity and does not create a moment witi: respect to the center of gravity. 


fA hernia Gru ci meena Pata HAN AERO tte sence ENR) tbe 


Up till now only the magnitude and direction of aerodynamic forces were 
discussed, The line of action is fully determined only for the complete aerodynamic 
force R. The point of intersection of this line of action with the axis of the 
rocket is called the center of pressure. Let us agree to consider the full 
aerodynamic force appife n e center of pressure; then the lines of action of 
ail components of this force Xi Y,> X, Y and so forth will pass through the center 
of pressure (see Fig. 5.2). 


Stebflizers 





Fig. 7.1. 


Thus the axial aerodynamic force x, acts slong the axis of the rocket and 


therefore does not create a moment with respect to the center of gravity. The same 
can be said in the case of powered flight for static thrust Part 


PAR ent Sense tees esr et EA AN PO AT ROR ARNE AM APE ee RR pe we mo, 


The normal aerodynamic rorce ¥, creates with respect to the center of 
ravity of the rocket the momer:t. Mas equal in value to 





My ==, 0", — x,). (7.1) 


where Xy is the distance from the summit of the rocket to the center of pressure. 
This moment, just as the full aerodynamic force, acts in a plane passing 

through the axis of the rocket and through the tangent to the trajectory; in other 

words, the vector of this moment is perpendicular to the axis of the rocket and 

to the tangent to the trajectory. 





If the center of pressure is behind the center of gravity, then the moment 
of normal aerodynamic force acts on the decrease of the angle of attack and is 
called in thie case the stabilizing aerodynamic moment, and the rocket with such 
location of the center of pressure and center of gravity is statically stable. If, 
however, the center of pressure lies ahead of the center of gravity, ener the 
rocket is called statically unstable; the moment of the normal aerodynamic force 
acts for such rocket on tne increase of the angle of attack and bears the name 
destabliizing aerodynamic momer.t. 
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Let us consider moments of forces from jet vanes, 


The point of intersection of tne iine of action or the full gas-dynamic force 
having an effect on the control surface with the plane of symmetry of the control 
surface will be called the center of pressure of the control surface. The position 
of the center of pressure is changed during movement of the control surfacc, but 
this change will be disregarded, is considering that the center of pressure of the 
conirol surface always lies in the plane of the corresponding stabilizer at a 
distance 1, from the summit of the rocket and at distance h, from the axis of the 


1 i 
rocket (Pig. 7.1}. 


Drag of the control surface % creates with respect to the center of gravity 
oF the rocket a moment equal in value to 


Mag, = Qphi. (7.2) 


For control surfaces 2 and 4 force of Q. are equal with each other, since the 


angles of deflection of the control surfaces are identical and, consequently, 
moments My are equal in value. But the directions of these moments are opposite, 


and therefore they are mutually balanced. Angles of deflection of control surfaces 
1 and 3, in general, can be different, but this difference at small angles of 
deflection very little affects the vane drag and, consequently, the moments Ma, 


these moments will also be disregarded. 


Lift ef the control surface Ry ereates with respect to the center of gravity 


of the rocket a moment which can be represented in the form of the sum of two 
moments with respect to two mutually perpendicular axes passing through the center 


of gravity: the moment with respect to the longitudinal axis of the rocket equal 
in value to 


AL,, = Ryn. (7-3) 


and the moment with respect to the lateral axis parallel to the axis of rotation 
of the control surface 


i 
My, gy == Ry (ly — x1). (7-4) 


We will find the total moments from jet vanes relative to the bound axes 
if we substitute in (7.3) and (7.4) expressions (6.13) for lift of the control 
surfaces and consider rule signs for angles of deflection of control surfaces: 


My, me Roby (~ 8, +8, +85 — 8) = R’b, @, — ). 
AL, 2x Rh, — x.) 6, +8). (7.5) 
lz, ae R’ (I, — x,) (— 3, — 6) = — IR’ hy — 5%, 


§ 8. Damping Moments 


Up till now, in examining aerodynamic forces having an effect on the rocket, 
we were nct interested in lts angular velocity. Strictly speaking, our certain 
affirmations and formulas, for example (7.1), are true only at an angular velocity 
of the rocket equal to zero. If the rocket flies with speed v and angle of attack 
a and has at this angular velocity » # 0, then the flowing around of the rocket and 
distribution of pressures along its surface will be different than when » = 0, 


Consequently, aerodynamic forces and moments depend not only on v, a, p, T, 
but also on ». There is importance not only of the value of angular velocity but 
also its direction with respect to the axes connected with the rocket. 
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Por an approximate appraisal of the magnitude of additional forces and moments 
appearing with the rolling of the rocket, let us examine the motion of the rocket 
in plane O,%4¥4> being limited for simplicity by the case of the zero angle of 


attack, 
If the speed of the center of gravity of the rocket is equal to v, and the 
component of angular velocity along the axis Oz, perpendicular to the examined 


plane is equal to Bos then the point of the body of the rocket found at distance 
4 
2 


x, from the center of gravity of tne rocket, has, besides speed v, a peripheral 
velocity D, Xy6 Consequently, the full speed of thie point will form with the speed 
1 


of the center of gravity the angle 


Ago W272 (8.1) 


e e 
By this magnitude is changed the angle of attack in the examined point of the body. 
These additional angles of attack are the cause of the appearance of 


additional forces and moments. The mean value of the additional angle of 9ttack on 
the stabilizer is equal to 


Ao, w= 28 G0—%) ‘ (8.2) 
where x is the distance of the center of pressure of the stabilizer from the 


A.cT 
summit of the rocket. 


The additional lift corresponding to this angle is equal to 


AY, = 6) .:95 Ae, (8.3) 


where 


Se, ¢. 
2 yer Cy se 
ae Oe 
Cver is the coefficient of lift of two blades of the stabilizer referred to the 
area S. 
Having substituted (8.2) in (8.3), we obtain 


ov. @,, (42 ce £2) I, 
: OS Se ee 4 
AV = ye 2 s _? =e Sa 2) tw, - (8.4) 
This force is directed to the side opposite the direction of the motion of the 
stabilizer in the rotation of the rocket. It creates an additional moment effective 
in the directicn opposite the direction of rotation of the rocket and is called 


therefore the damping moment. The magnitude of the damping moment wili de 
mS t.. 
oma = AV (42 ce — 4) = — F 6, 05 (z, ,— *,} 00, (8.5) 


In reality the magnitude of the damping moment is somewhat greater than thet 
calculated by the formula (8.5), since the damping moment is created not only by 
the stabilizer but also the body. Therefore, not increasing the order of the 
error, it is possible to assume 


i 
eo 
Gams +a ye ¥- 
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Then we will obtain the following approximate expressions with an *rror to the 
greater sides 


AY, = 1 e’pSive, . (8.6) 
AM, = -% cJeStve, . (8.7) 


Analogous expressions can be written for an estimate of moments with respect 
to the other lateral axis: 


AZ, = ~jcipStow,. (8-8) 


to, 
Se ale ie (8.9) 
Let us consider the rotation of the rocket about the longitudinal axis with 
an angular velocity Dy With such rotation the section of the stabilizer, which 
4 


is at distance h from the axis of the rocket, has, besides speed v, the peripheral 
velocity ho, « Consequentiy, the full speed of this section will form with the 
4 


speed of the center of gravity the angle 


Ages SOs. (8.10) 
s 


which also constitutes an increase in the angle of attack of the section of the 
stabilizer. On the average for the stabilizer, the increase in angle of attack from 
the rotation about the longitudinal axis consists of 


hes 
Aa, =, 


where Rey is the distance of the center of pressure Of the stabilizer from the 
longitudinal axis. 


This additional angle of attack causes an additional lift of the stabilizer 
blade equal to 


a Ss a 
AY a FS 9S toga Fs eke 


ct 
(we designate the coefficient —, since the lift of -ne blade is examined, and 


it is natural to refer coefficient Cver to two blades), or 


} - 
AY = 76; ,0Sh,,0, . 


Force AY is directed opposite the direction of motion of tie blade with rotation, 
Consequently, for two opposite blades forces AY will form a pair with the moment 


i. 
— 2 AY, = — 3 6, PSA? ve, . 
The additional moment from all four blades is equal to 


* 2 
ATL, = — 6; .,pSAL tw, 
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Approximately one can assume that 


Péep 
AM, = — 7 ¢0Sicu, . (8.14) 
where lot is the span of the stabilizer. This moment acts opposite the rotation of 
the rocket, i.e., it is also damping. 
In the common form we will use the following expressions for damping moments: 
AML, a= — ap Sfpoe,. 
AML, = — a3 Sfpzu,, (8.12) 
SU, = — meSfpr,, 
“» “ty D 
where m_ and = 1 
ce Mey 


determined either with the help of special aerodynamic experiments or by means of 
more accurate aerodynamic designe. 


are dimensionless coefficients of aercdynamic damping 


Additional forces of (8.6) and (8.8), in view of their smallness, will be 
disregarded. 
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CHAPTER III 


GENERAL EQUATIONS OF MOTION 


§ 9. Equations of Motion in Vector Form 


A rocket with an operating engine continuously expends mass contained in it, 
and therefore for the final interval of time the laws of dynamics of a solid or 
system to it are directly inapplicable. But for an infinitesimal interval of time 
dt it is possible to solve the problem of the motion of a rocket with the help 
of theorems of dynamics of the system with the following assumptions: 


i. We examine as & single system all the masses contained in the rocket at 
the moment of time t. 


2. Let us disregard forces having an effect on masses expending during 
time dt (i.c., from the moment t up to moment (¢ + dt) through the nozzle exit section. 


We will call the mass exiting for time dt through the nozzle exit section 
infinitesimal waste materia., 


Thus the examined Systen coincides at the time t with the rocket and at the 
time t + dt consists of @ rocket and waste material, and this fs the first 
assumption. According to the second assumption, forces, having an effect on the 
examined system coincide with forces having an effect on the rocket, 


Equations of motion of the rocket are easily obtained, proceeding from 
equations of the motion of the system, which, as is known, have such form: 


te F, (9.1) 


qe 

= A (9.2) 
where K_ — the momentum of the system; F — resultant (main vector) of external 
forces having an effect on the system; 1° — angular momentum of the system with 


respect to the center of gravity of the system; aie) — total moment {main moment) 
of externa] forces with respect to the center of gravity of the system. 


In order to turn to equations of motion of the rocket, let us find first of 
all the expression for the momentum of the rocket. Let us divide the rocket into 
elementary particles, where for one of such particles we will take the infinitesimal 
waste product whose center of gravity coincides with the center of the exit section 
of the nozzle. The position of the center cf gravity of the rocket at the moment 
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of time @ is detarmined by the equality 





arm Sart mur, (9.3) 


where m= the mass of the rocket at the moment cf time ¢; fF — the radius vector of 
the center of gravity of the rocket relative to a certain motionless center; ao 


the mass of the elewentary particle not abandoning the rocket during the time dt; 
ty - the radius vector of the same particle; m — flow rate per second of mass 


PON e SG ee ee 






F. {see § 3); & dt — the masa of waste material; ™- the radius vector of the center ; 
aa of gravity of waste material, 1.e., the geometric center of the nozzle exit section. 
ae 
- : During the time d€ the mass of the rocket is changed by the magnitude 

du ae — a ff, (9.4) 

the radius vector of the center of gravity of the rocket by the magnitude 
: ar =x 9 dt (9.5) 
: i (W is the apeed of the center of gravity of the rocket relative to the motionless 
a system of coordinates — absolute velocity}; the masses of particles are not changed, 

Fo: and their radii-vectors are changed by 

i Ot 

i dr, = @, dt, (9.6) 

e. . where %y is the absolute velocity of the particles. Waste material no longer 

i enters into the rocket, and the position of its center of gravity is determined by 
a the equality 

‘ 

: (a — ANG + dr) =D mle, + de). (9.7) 

ot Subtracting expression (9.3) from (9.7), we will find 

a 

ae: mdr — me dt — mdr dt xz Sm, dr, — me, dt. (9.8) 

v 

If in (9.8) we disregard the infinitesimal of higher order m dy dt, and we 

a replace dr and ar, by their expressions (9.5) and (9.6) and then reduce by dt 

‘ =i we will then obtain 


‘ = ; 
mo—- sir—N mo, — ar, 
? 


oe 
Noting that the sum = MM » correct to an infinitesinal momentum of waste material, 
coincides with the momentum of the rocket K, we can write the followins expression 


for K; 
Kae Sn Oy = 0 a lyr) = nat ad, (9.9) 
where 
burl—r (9.10) 
is the vector connecting the center of gravity of the rocket with the center of ‘ 
the nozzle exit section. « 
Differentiating (9.10), we find b = v, - ¥» i.e., the speed of the center 
exit section of the nozzle Ye ia equal to 
o,=e-+ b. (9.11) 
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Desiamating the speed of the center of gravity of waste material with respect to 
the center of the nozzle exit section (exit velocity) dy u, we will obtain for the 
absulute velocity of the center of gravity of waste material the expression 


Seep 0, ta=ao+ bts, (9.12) 
whence the momentum of waste material is equal to (since this value is infinitesimal, 


3 
we designate it by Korop) 


CKneg ee div mm (e+ Bde. (9.123) 


At the tine t the momentum cf the examined system is equal to the momentum 
of the rocket x. « K. At the moment of time t + dt the momentum cf system is 


composed cf the momentum of the rocket and infinitesimal momentum of waste material 


Ay -t dK, a= K 4+ dK + Raye 
Cconseguently, 


aK, == EK + Kacy (9.14) 
The change in momentum of the rocket is easily found from (9.9): 
dk = mda odm + ot db+-bdm= mdo~-o:2dt-+ ma dt + bind, (9.15) 


where 


- da a 
a= y=. (9.16) 


Inserting (9.13) and (3.15) in (9.14), we obtain 
dK, =m do — mout + mb dt ab dt + mode + 
era dt + mb ft = 0 do 4- aadt -+ 2ab dt-+ mbt. (9.17) 
Replacing aX, in equation (9.1) by expression (9.17), we find the following 
vector equation of motion of the center of gravity of the rocket; 
a Ft n+ nb + mb =P. (9-18) 
Let us turn to the equation of motion of the rocket about the center of gravity. 


At the moment of time t angular momentum of the system with respect to the 
center of gravity of the system 1{°) coincides with the angular momentum of the 
rocket relative to its center of gravity L: 


LB ox Le DX 8,0, Hr — YX BO 6p St. (9.19) 


Here, by examining the waste material as the elementary particle, we disregarded 
its intrinsic angular momentum. 


At the moment of time t + dt the angular momentum cf the system with respect 
to the center of gravity of the system is composed of the angular momentums of the 
rocket and waste material relative to this point: 


EP + atD me LY ay + dE he (9,20) 
Angular momentums in (9.20) are determined by the well-known formulas 
Elon Lh + dh +r + dr —r,— dr X KFA), (9.21) 
Bog Eh nty + (Sa + El ty — Fe EF) X eg (9.22) 
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where L + 4L ie the angular momentum of the rocket relative to its center of gravity 
and Sb roy is the intrinsic angular momentum of waste material with which, further- 


more, we will disregard. 


Radius vectors of centers of gravity of the system, rocket and waate material 
are connected by the relation 


me (6, $e.) <o(m - mt dt) (6 jkr) me dtr, de grty), : 
or, correct to infinitesimals of the second order, 
febdem ede —Zerdt + Sr dteae + de + = bat. (9.23) ; 


We insert obtained expressions (9.21)-{9.23) in the relation (9.20): 


LO dt enh dk — Bbdt XK dK) + 
+ (re-+ drag ~ 2 — ar 2 vat) X dhnay 


and, comparing with the first part of equality (9.19), we find correct to 
infinitesimals of the second order: 


ati we th — 28K Rat rg OX Arey (9.24) 
Now using ne (9.9) and (9,13) for X and aK ost? we obtain the following 
expression for diag” : 
LS we dh — = 0:< (0+ md)dt + 8X (0-2 + bedi me dh + md X (w+ bat. (9-25) 
We replace ar{*) in equation (9.2) by expression (9.25): 


fas X (e+ by) = a™, 


Since at the moment of time t the rocket and system coincide, instead cof nic) 

it is possible to write the sum of moments of external forces with respect to the 
center of gravity of the rocket M; then we will obtain the equation of motion of 
the rocket with reapect to the center of gravity in the form 


Ftaxe+haa (9-2) 


The derivative of vector b in the motionless system of coordinates can be 
thus representec: 


b= Ba exe, (9.27) 


where db/dt is the derivative of vector B with respect to the body of the rocket 
(local derivative) and @ is the angular velocity of rotation of the body of the 
rocket. 


: But we assume that the center of gravity cf the rocket and center of the 

F nozzle exit section lie on the longitudinal axis of the rocket, and therefore 

‘ vector B, and, consequently, and its local derivative, will de parallel to the < 

: | axis of the rocket. It follows from this that 

| ox 2 =o. (9.28) 

| M4 
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Disregarding geometric and gas-dynamic asymmetry of the expiration of gases, we 
will consider that vector u, the speed of the center of gravity of waste material 
with respect to the center of the nozzle exit section, is parallel to the 
longitudinal axis of the rocket and vector b. Consequently, 


6X a=0. i (9.29) 


Substituting expressici (9.27) in equation (9.26), and using equation (9.28) and 
(9.29), we obtain 


+ mb xX (w X b= M. (9.30) 


We will designate by wy, the speed which the particle m, would have if it were 
rigidly joined with the body of the rocket, and by Uy» the speed of this pa-cticle 
with respect to the body so that 


0, == &,-+ 4. (9.31) 


On the basis of (9.19) we can write the following expression for L correct 
to the infinitesimal: 


L= Sm — NX, = J mr, — 0) X y+ 


+E m(,— OX ty (9.32) 


The first component in (9.32) constitutes the angular momentum of the rocket Ly 


on the assumption that it moves as a solid. It is known that this angular momentum 
can be represented in the form 


. ‘toe vos . A 
L, = Ao, x} + Pe, yf Co, at. 


where A, B, C are moments of inertia of the rocket as a solid with respect to the 
principal axes 04%, » O4Y4> 0,243 Dy» Dy » 0, are projections of angular velocity 
1 1 1 


of the body of the rocket on these axes. In virtue of symmetry of the rocket 
B8=—C. (9.33) 


The second component in (9.32) is the angular momentum L, of masses moving 


with respect to the body of the rocket in this relative motion. It would have 
been possible to separate from this moment the separate components, for example, 
the angular momentums of rapidly revolving masses inside the rocket, the angular 
momentums of liquid found in tanks of the rocket, and so forth. But we will 
disregard all the angular momentum L, from those considerations that particles 


having great relative speed uy consists of a very little part of the total mass 


of the rocket, and the majority of the particles moves at small relative speeds. 
It is important to consider these additional moments connected with the mobility 
of separate masses inside the rocket and also with deformations of the body with 
a detailed study of the oscillatory motion of the rocket. However, in ballistics 
only such oscillatory processes are important whose period is of the same order 
as the duration of the powered section, and in such slow processes the rocket can 
be completely examined as a solid, 


Thus, we will consider that 


Lan l,m Au, 23+ Bo, + Co, 27. (9.34) 
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Here, in contrast to the solid, the principal moments of inartia with respect to 
time are inccnstant, and therefor 


ext 
Fett AT ht he, Ft Fant 
én, 
+0%p nets, hy Sons cate Z. 
The principal moments of inertia, just as the mass of the rocket, decrease 
with burnout, and, consequently, their time derivatives area negetive, Let us 
designate by i, B, and © the adsolute quantities of these derivatives: 


aa aA 
An|G]--4 
b=|F|=-+ (9.35) 
ba |se | do oa 
As is known, derivatives of vectors xs ye 2? are expressed by formulas 
18 ex t= (0,2 xs bea Jt, 7H) < x= ©, IF Ot 


and, analogously, 


whence 


-~ A Fa —@- —C)e,e, — te 28+ 


+[e—c--w, «,-: bo, |e 
+[cSp—a—ae,e,— de, |. (9.36) 


The second component on the left side of equation (9.30) will be transformed 
in the following way: 
mbx(oX b= a (—90x1¢. aT +e, 4+0,2)X(~—Az)]= 
= abst X (eyo, x)= ad" (e, +e ,, 8} (9.37) 


Finally equation (9.30) will be thus transformed: 


[aSe-w- Cin, @, rhe, at 
1 foe ec Ya, 9, + (ad? -- Byes a+ 
+ [eG —(1-- e,0, 4 Gt -Qa,] ete at (9.38) 














§ 10. Reaction Force and Moments 


Let us write the equation of motion of the center of gravity of the rocket 
(9.18) in the form 


1 FF — rite — 2b — md. (10.1) 
Comparing it with the equation of motion of a solid 


m Se = P, (10.2) 


we see that the center of gravity of the rocket moves just as the center ofr gravity 


of a solid with a mass equal to the mass of the rocket, on which acts, besides 
forces having an effect on the rocket, the force 


P, xx — (uta -+- 2md +- md). (10,3) 


This force will be called reaction force (or dynamic thrust). The equation of 
motion of the center of gravity of the rocket can now be written thus: 


mom P+, (10.4) 


We will apply this equation to the case of operation of the rocket on the 
stand (without jet vanes). 


On the basis of (9.11) 1t is possible to write: w= -b, since the center of 
the nozzle exit section is motionless, Hence 


Fas. (10.5) 


From external forces of the rocket act gravity G@, static thrust Por? which is 
equal according to the formula (5.32) to 


Pa™S,(P.— P) 34. 
and the reacticn of supports of the stand Q, so that 


F=u G+ P..+Q. (10.6) 
Substituting (10.3), (10.5) and (10.6) into equation (10.4%), we will obtain 


—mb= OP, +Q— ma —2mb-- mb, 


whence 
Q4+6 + P..-— ma + mb-4-2 b+ TF b= 0; 
or 
Q+0+P,-- ma + L150 a o,: (10.7) 


Equation (10.7) shows that on tha stand supports, besides the weight of the rocket, 
there acts the force 


Pax — ma +S,(p,— p)xt-+- Lah, (10.8) 
which we will call thrust. 
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Examining different concrete cases, it is easy to be convinced of the fact 


that terms mb, omb , mb and a? (mb) /at? are very small as compared to other terms in 
formulas (10.3) end (10.8). Therefore, henceforth we will disregard them use the 
following expressions for reactive force and thrust: 


P, = — ma, (10.9) 
Px — ma +-S,(p,— 9) x)= P,+P.,. (10.10) 


Exit velocity u was defined above as the speed of the center of gravity of 
waste material with respect to the center of the nozzle exit section of the engine. 
But the weste material, having an infinitesimal mass, possesses final dimensions 
and in turn cam be split into particles dm, moving at different speeds uy, relative 


to those points of the nozzle exit section through which they pass. Therefore, the 
concept of exit velocity uw should be definitized, 


Every particle dm, will imagine as a mass passing through the element of area 
of the nozzle exit section dS, . Designating the density cf gases in the volume 
occupied by the particle dm. by Py» we can express the mass and momentum of this 


particle in the form 


dit =: 1%, (tt dS dt, 
uly == nt (it, dS) dt, 


where ds, is the vector of external normal to the element of area ds, where 


|dS, [= dS, 


hence the momentum of all the waste material recorded earlier as um it (the question 
is about relative motion) is equal to 


.Y 
Ny Palle (ity + AS, ut «dt f rx@-as). 
a 


5, 


Thus, by uw we mean the quantity 
a= fru(u-ds), (10.11) 
n J: 
« 
Using expression (10.11), it is possible to present the reaction force and 


thrust in the form 


Py= — { pu(a- dS), (10.12) 


Pes [ [pds— pu (a - dS) — S,px?. (10.13) 


In formula (10.13) 8,P.%) is replaced by a more exact expression 


f pas, 

4, 
where p denotes the pressure of gases on the elementary area of the nozzle exit 
section. 


Earlier it was already menticned that the vector u is considered directed 
along the longitudinal axis of tae rocket from the summit to the tail. 
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Consequently, the reaction force and thrust constitute vectors effective along the 
longitudinal axis of the rocket in a direction toward the summit. Values of these 
i vectors are equal to 
Py = ma, (10.14) 
: P= ma+S,(p.— P)- (10.25) 
Gas~-dynamic calculations and experiments show that for engines with Pa > 0.8 Po 


with a change in operating conditions in nut very great limits, it is possible to 
. consider the exit velocity a constant and the pressure Pa variable directly 


proportional to the flow rate per second m, both of these values not depending on 
the external pressure p, Let us call the quantity 





af a= a-+S, £2 = const 


the effective exit velocity. Then 
P= ma’ —S.p. (10.16) 


This formula describes the dependence of thrust on the flow rate per second and 

| on the external pressure, i.@., cam be assumed as 4& basis of both the throttle 

i and altitude performance of the engine. In particular, the thrust of the engine 
in a vacuum is equal to 


; 
' 
{ 
1 
f 
i 
i 
i 
' 
| 
i 


Pia an’, (10.17) 


l.e., directly proportional to the flow rate per second, and the thrust of the 
engine on earth is expressed by the formula 


Pym mu’ —S, Dy (10.18) 
| whence 
af wn Let Sehr | (10.19) 
me 
| 
| The thrust cr the engine on earth Py and the flow rate per second in 
| terrestrial conditions My can be determined during bench tests of the engine. The 
thrust in flight, depending upon the flow rate and on the external pressure, is 
determined by formula (10.16), where instead of the effective speed of efflux u' 
it 4s possible to substitute its expression (10.19): 
| Pm = (Pot SaPd) — Sap. (30.20) 
| In particuiar, if the flow rate in flight remains constant, then | 
i 
| P = Py +-S, (Po -~ p). (10.21) 
The quantity | 
4 
Pra 23 P No Pet+-S.atr ron Sof SeP io 
as MZ» ™S, Se MSs i 


} 
: will be called specific thrus:. | 
i 

Specific thrust in a vacuun is equal to i 


Pry gua PetSafe. # _. const i 
Ze Re t. 
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(does not depend on the flow rate), and at an arbitrary altitude 


Py, = Py a Suk me eee 
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In particular, on earth 


a? Sao 
Pg re : 
yO Zz M80 
Let us now compare the cua derived in § 9 of the motion of the rocket 
about the center of masses (9.38) - 


[az at {8 — C}e, 0 p+ [2 Se —c—Aye, o, | 4+ 
+ fete ame am 
= M+ des, 33 — (0? — Byo, yi — (mb? — Cho, 2 (10.22) 


with the Euler equaticn of motion of a solid about the center of gravity 
co Chea, », | + [Be —c— —A)e, »,]n+ 
+[cSp—v_ne 2, | eta a. (10.23) 


A comparison shows that the motion of the rocket about the center of gravity 
occurs just as the motion of a solid with those main moments of inertia, which for 
the rocket at the given moment of time on which act, besides moments having an 
effect on the rocket, the moments 


Al, i Ae, x8 a” 


M,, = — (sah? — Bra, yi. (10,24) 
My, == — (abt — Cyr, 22, 


These moments will be called reaction moments. 


The first of these moments is the swaying, since it acts in the direction of 
rotation of the rocket about the axis 0,%4 >» but it is very small and, furthermore, 


is to a considerable degree compensated by a damping action of waste material 
unaccounted for by us, which removes with itself a certain angular momentum. 
Subsequently we will not consider 1t. Two other reaction moments, as is easily 
verified, are damping moments. 


Let us transform the coefficient entering the expression for these moments 
to a more convenient form 


dm 
mb? — Be= wd™ ~ C= Shy wa 


The moment of inertia of the rocket with respect to the lateral axis passing 
through the center of gravity can be expressed in terms of the moment of inertia 
with respect to the parallel axis lying in the plane of the exit nozzle section: 


B=B, — mb, (10.25) , 
whence 
id 42. dm 
a" a —2mb F -- “a 
4c 
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Derivatives entering into the last equality can easily be calculated. We will 
examine separately liquids expending in flight of the rocket from every tank. Let 
us designate the absolute value of the flcw rate per second of liquid from the 
i-th tank by m, and the level of liquid above the nozzle section by hy (we consider 
the mirror of the liquid parallel to the plane of the nozzle exit section). Then 
for the time dt from the surface of the liquid there will be expended the mass 
my dt, and inside the volume remaining filled with liquid the distribution of masses 
can be considered constant. Consequently, if we disregard the intrinsic moments 
of inertia of expended masses of liquid, the change in the moment of inertia 
Ba will be equal to 


Bg = — Simi dt, 
and the change in static moment with respect to the same axis is equal to 
d (mb) = — S hymn, dt. 
Substituting these expressions in equation (10.26), we will obtain 
nb —B = == hint +20 Naam; == > hy (29h) mj. (10.27) 


Hence we obtain convenient expressions for reaction damping moments with respect 
to lateral axes of the rocket: 


NW Ai (2b -- Ay) m:, 


: . (10.28) 
Mae = — 2, 35h (2 — hi) ms. 


May, == — Oy, 


The 4,2 —h) mi, will for brevity be designated mrs 


Let us explain the physical essence of the reaction force and reaction moments. 


ab? — Bmx Se — 25 (me B40 SE) we Be 9p Limb) (10.26) 


Gases passing from the nozzle of the engine have a speed u with respect to the 
body and u + b with respect to the center of gravity of the rocket. Value 
m(u + b) constitutes a force which must be applied to these gases in order to impart 
to them such speed. In virtue of the third law of Newton, to the center of gravity 
of the rocket on the side of the gases will be applied the force m(u + 6), which 
is the main term of the reaction force. 


In order to understand the origin of the other two terms in the formula for 
reaction force, it is necessary to comprehend the origin of the quantity mb in 
expression (9.9) for momentum of the rocket. This quantity is nothing else but the 
momentum of expended mass with respect to the center of gravity of the rocket. 
Actually, in a closed system whose mass is not expended, the momentum coincides 
with the momentum of the material particle with a mass equal to the mass of the 
system and with the motion identical to the motion of the center of gravity of the 
system, It is a different matter in the case of the rocket — system with a 
variable more accurate with the expending mass. 


If at the moment of time t we consider all its mass concentrated at one point, 
then after the time dt all this mass m will shift at a distance v dt, but, further- 
more, as a result of the internal motion part of the mass m dt will shift at a 
distance b from the new position of the center of gravity. The first shift 
corresponds to the momentum 


mode 
a = M9, 
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and the second to momentum 


Ae = md. 
It is clear that for an increase in the second component of momentum there is 
necessary a force equai to 
dimh 
Fb = ad. 
Since this force acts on the increase in momentum of masses in the rocket with 
respect to the center of gravity, then according to the third law of Newton the * 


Opposite force, mb + mb should be applied from the side of moving masses to the 
center of gravity of the rocket, 


in the same way it is easy to explain the origin of reaction moments. Let us 
consider, for example, the rotation about the laterai axis O4¥4 


Owing to the efflux of gases the angular momentum of the rocket decreases 
by the magnitude 


{dBje,, ad Buy, at. 


But the very gases passing from the rocket possess, with respect to the center 
of gravity of the rocket, the angular momentum 


mde, de. 


Consequently, during the time dt they obtain, because of the rocket, the angular 
momentum 


mde, dt — Bo, dt, 


for which to them there should be applied from the side of the rocket the moment 
of forces 


(a5*-- Bye, 


In virtue of the law of counteraction on the rocket from the side of the exhaust 
gases, there should act the moment about axis O,¥4 


— (2? — Byay, 


which is the reaction moment. 


In summarizing, we can say that the reaction force (moment) is equal in value 
and opposite in direction to the force (moment) which must be applied to gases 
passing from the rocket for a change in their momentum (angular momentum). 


Let us sum up our whole analysis of forces and moments having an effect on 
the rocket and the derivation of equations of motion. 


We established that for the rocket it is possible to use equations of motion 
having the form of equations of motion of a solid (10.2) and (10.23) if to the 
forcea having an effect on the rocket from without — gravity, aerodynamic forces, : 
etatic thrust and forces from controls, — we join the reaction force, and to external 
moments — aercdynamic destabilizing or restoring moment — we join reaction moments. 
The reaction force together with the static thrust we united iis the first approxi- 
mation) into a single tractive force. . 


Now it remained to pass from the vector form of equdtions of motion to the 
ecordinate form, for which it will be required to find component forces and moments 
having an effect on the rocket along axes of coordinates. 








§ 11. Resolution of Forces and Moments Along Axes of Coordinates 


To determine the vectorial components along axes of coordinates it is necessary 
to know the direction cosines of this vector, The direction cosines of unit vectors 
of axes of the bound system of ccordinates, with respect to the terrestrial system 
of coordinates, are already well-known. Thereby we determine in both systems of 
coordinates by means of formulas (2.6) and (2.7) direction cosines of all forces 
and moments effective along axes of the bound system of coordinates, namely, tractive 
forces comprised of the reaction force and static thrust, forres and moments from 
controls, aerodynamic damping moments and reaction moments. 


Gravity acts in the direction opposite to the direction of the radius vector 
of the rocket 


r= xx°-+-(R-- yy 7 22° 


and, consequently, has along axes of the terrestrial system of coordinates the 
following direction cosines (Table 11.1): 








Table 11.1 
-- 
| Ox Oy | Oz 
~* {_ Rty] _# 
| a f ct td 





It remains to find direction cosines of aerodynamic forces and their moments, 
which both in magnitude and in terms of direction depend on the velocity vector of 
the rocket v relative to the terrestrial system of coordinates. 


The direction of the velocity vector, in other words, the direction of the 
tangent to the trajectory, will be determined by two angles 9 and o, which are 
determined in the following way. Let us draw through the velocity vector an inclined 

plane perpendicular to plane Oxy (Fig. 11.1). The 
\’ angle composed by this plane with plane Oxz will be 
designated by 9, and the angle between the velocity 
a vector and plane Oxy by 56. These angles are 
analogous to angles » and & determining the direction 
of the longitudinal axis of the rocket relative to 
the terrestrial system of the coordinates. We will 


xX " consider the angle 6 positive if the velocity vector 
7 is directed upwards, and the angle o if this vector 
¢ & is directed to the left of the plane Oxy. Then the 


vectorial component of speed along the axis Oz will 
be equal to 





v, = — using, (11.1) 
Fig. 11.1. 
and the projection on plane Oxy to -v cos o. The 
latter can in turn be plotted on axes Ox and Oy, as a result of which we will 


obtain 
wv, =2ucosuces0, iv, = vcososin gd. (11.2) 


In view of the smallness of angle o during normal flight of the rocket, we 
will assume 


cosa=1, sing-=o, (11.3) 


whence 


%g==0cos8, v,=-vsinv, v, =— vo. (11.4) 
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Hence we find the direction cosines of vector v and opposite to it the vector of 
X (Tadle 11.2). 


Table 11.2 





It was already mentioned (§ 7) that the vector of the aerodynamic moment M, 


j 
a 
j 
4 
i 
ie perpendicular Doth to the langitudinal axis of the rocket and alsc to the tangent 
ot to the trajectory and, consequently, differs only by a numerical factor from the 
= vector product of unit vectors x? and v°, where if this is the restoring moment 
, then it is directed along vector x? x v°, and if it is the destabilizing moment 
an the oppoaite direction. Noticing that the modulus of the vector product x x v’, 


by definition is equal to sin aw a, and the quantity of the aerodynamic moment on 
the basis of formula (7.1) is equal to 


A= 95 (*, Eis «,)@ 


{for the restoring moment My > 0, for destabilizing, M, < 0), we obtain that the 
vector of aerodynamic moment can be thus expressed: 





M, = eS (4,— x,)% AX Oe gS(x,—2 (XO (11.5) 


Lift Y is perpendicular to vectors ve and xp x v? and coirmides in direction 
aa: with vactor y° x (x$ x v°). The modulus of this vector is also equal to a (since 
vectors v° and xy x v° are mutually perpendicular), and therefore lift can be 
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7 
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See regresentec in the following way; 
‘4 1 BX(hx 
, Yu €f, 98a) 0 ase x (x8 X oF (11.6) 


We use equality xy = yf x zy and transform the vector product x? x v? to the 


form 


SOE PTE PRR FTE ORNS gh TT 


BX oP well X BX oF alo" yz —(o"- ay? 


Then expressions (11.5) snd (11.6) will take the form 


A= 65,08(5,— 2 )(F-IQA— (= YI] == M+, oe 
Yon cg eSet XKo"- 2) 2 —(#- Fy]=¥,+¥, (12.8) 
where 
Mm ee! (2, -— 5) 4 (11.9) 


M = — 6,95 (2,-- =) (7-H 
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¥, = 6,65 (v0? - ¥) (0 X 51). (11.10) 
Ym —c5 95 (o*- h (oe XH) 
Decompositions of (11.7) ard (11.8) have geometric meaning: lift is fresented 


in the form of the sum of two forces directed along the normal to the trajectory, 
one of which, Yye lies in plane O;% 74> the other, Yys in plane CyXy245 and the 


aerodynamic moment is replaced by the cum of moments of these forces. Convenience 
of such decomposition consists in the fact that for vectors y, and Y,, and 


expecially for May, and Maz,’ it is easy to find tneir magnituces and direction 

cosines. Actually, vectors May, and Maz, are already represented in the form 

ot products of scalars 
Mo zs eqs (s.- «)(9"- 27) (44.12) 

and - 

M,.= eh yS(z,—*, (2 -K) (12.22) 


° 9 
on unit vectors ¥, and Za 


it is found that vectors cv? x 2°) and (v? x v9) entering into expressions for 
Yy and ¥, with an accuracy accepted by us can also be considered wnity. Really, 


if we disregard the square and pairwise products of small angles &@, Rand co, and 
for the small angie 9 - & we assume 


in(g —~— 6 ~— 9, 
ee | (11.13) 


cos (¢ —@)==1, 
then s s+ os 


x ZV # 
°° X a= cos 6 sn6 80 Sl 
$cosy—-ysing Zsing—yAcos@e 1 
om (sin @ -+- 5a sin ¢ — no cos ¢) x* + 
+ (— cos 8 — fo cos ¢ -~ nosing) y* + 
+ tGsiag — ncosq) cos 8 — Ecos ¢ + Hsing) sin 6} x° as 
ss x*sin 8 — y° cos @ — zy, (11.14) 
sx» sy 
ex y=} cosd dnb —of= 
—sing cos@ 8 
== (nsin @ + ocosq) 2* + (— ncos8 + asing)y? + 
=z COS (q — 0) 2? aw x*(n sin 0 + acosg) + 
+7?(— Accsd + osing) + 2°. (11.15) 


For quantities of these vectors the following equalities are correct 
jo" xX 23 | = Vsin 0 + cosO f wl. 
[Px n= 


= Y(asind + ocos g} + (— 40s 9-4 osing)? + 1 as 1. 
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We write expressions (11,10) in the form 


= —6,65(F AXA 
¥, =e,¢S(o'- iy X#} 


and scalar factors with vectorx z. x v° and y? x ve will be taken fcr quantities 
i 1 


of forces ty and Y,? 


Y= 60500 - 
Y, = ,95 (0? at 


Expressions (11.1%), (11.12) and (11.16) show that scalar products 


(11.16) ; 


a - y? cos O(— sing) $ sin Ocosy — on ~ sin(@—q) = 0—9 


and 
o. sFancosO(Zcosq + Hsing) + cin8 (3 sing —ycosq)~o w 
= 3008 (¢ — 6) + qsin(g —O} —o wi —o 


can be examined as numerical values of angles of attack in planes 04x 444 and 


0,%,2,» which we designate by ay and a, (with a change in the sign for vOuy?)s 


@, a — 9° - yar ge — 8, (11.17) 
@, we". st 8 —o. (11.18) 


With these designations formulas (11.11), (11.12) and (14,16) will take the 
following form: 


A,=— ©,9S(=, — x,)¢,. | 


Mw — €, ¢S(x, — x,)a,; (11.19) 
Y =e, qSe,. 
Y, =) ¢Sa,. . (12.20) 
These formulas determine magnitudes of moments May,’ Maz,’ ane forces Yy 
and XY, . ot ae cosines of these vectors coincide with components of unit 


vectors ves oF ze x ve and Ys x vo respectively. 


§ 12, Summary of Formulas for Forces and Moments 
Having an Effect on the Rocket 


For the best clarity of formulas derived above let us put them into Tables 
12.1 and 12.2, 
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§ 13. Equations of Motion in Coordinate Form 


Let us project equation (10.2) on the axis of the terrestrial system of 
coordinates, With this by dv/dt one should understand the full acceleration of the 
center of gravity of the rocket in absolute motion determined by formula (1.8), 
and in vector F unite all forces reduced in Table 12.1, As a result we obtain: 


at (x + Jes + Jen) r= mg = To e,qScos® v 
—eus [2, sin 0 -!-«e, (nsinO {-ocos 0] — ¥,, cos T— 


— 22'S, sing + R’ (8, 4-5) Geos ¢ -f- ysing) + Pecos eg, 


R:-y 
c 





m + hey “PJs mg — ¢,gS sin 0+ 
+-¢)9S[a, cos 0 + «, (ycos 0 —asing)] — X sing -+ 
+ 2R'S, cosy + R’ (S, + 4,) (sing —- cos ¢) -4- P sing, 
m (2-F Seat Sed — mtg 5 + €,9S0 + €' gS (a,n—a,) + 
+ X13 + 2RS.y + R’ (8, +43) — PE. 
In these equations we can disregard terms containing pairwise products of small 


angles, including the products of angles € and n on angles of deflection of the 
control surfaces, as a result of which equation will take following form: 


x= + [(P—-%,,)sos¢ — GSc0s 0— €) aS (ip — )sind — 
: — 2R’d,sing] —= & - Syn — Sex: 
Fmt l(P—X,,)sing —¢,g5 sind +7 gS (@— 0)cos 0+ is 
*  4-2R’, cos q] — At &— Sey — Sey: 

Zoe — 21 P—X,,)3—6,950-+6595 8 — 0) — 
— RG +8)) — 26 - Sua — hee 
vols Hystsu Ot conndiuates. Th-thls equation it Weineceesar(toviieiads Ga 


all moments given in Table 12.2. Projecting and considering that B = C, we wiil 
obtain: 


di 
A AZ = R’h, (8; — 8) — m3 SF pve, , 


d : 
BE. —(B— Aju, a, = —c1 45 (x, — x,)G—0) + 


+ R’ (lt, — =,), +4,) — m* SFove, — myo, . (13.2) 
da . 
8 “a +(@— Ajo, @,, va es €,,45(%, - *,) (¢ —8) — 


— 2’ (i, — x,)$, — ut SE pve, “* MB, . 


a ae te ae RR eH fia 








To equations (13.1) and (13.2) it is necessary to add the nonholonomic constraint 
between v, 8, a and x, y, 2, and also between Dy» wy » Dy and ®, é, ne 
1 1 1 
«= 00080, 
y= vsind, (13.3) 
z= — 09; 
@,, = —qi+n. 
To, = ants. (13.4) 
@,,= 9 — in. : 
Tne relation 3.3) coincide with equations (11.4) and relations (13.4) with 
equations (2.9). 


Finally, for tne determination of angles of deflection of the control surfaces 
there are necessary these equations of control 


F,(. x. y. 2 @. & Ape 0. 
F,[d,. x. y. 2. ¢ & a=, (413.5) 
Fy, x. y. zg. & n)==0- 


The fifteen equations (13.1)-(13.5) permit determining these functions: 
Xs Vo 25 Ms €&, 4, VY, 9, G, my! yy? aie bys Bos 63. 
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CHAPTER IV 
SIMPLIFICATION OF EQUATIONS OF MOTION 


§ 14, Equations of Motion for Powered-Ilight Trajectory 


Equations of motion obtained in § 13 can be assumed as a basis of the solution 
of the many problems of the dynamics of flight. But practically into these equations 
always are introduced those or other simplifications the essence of which is closely 
connected with the content of the problem to be solved, 


Let us start with the derivation of equations for the solution of a definite 
class of problems, problems of ballistics of long range rockets. In these problems 
the most important magnitude subject to determination and investigation is the 
complete flying range. Flying range depends mainly on the trajectory of the center 
of gravity of the rocket. Motion of rocket about the center of gravity is examined 
in ballistics so far as it affects the trajectory of the center of gravity. In 
particular, in the solution of problems of ballistics it is possible to be distracted 
from tne influence on trajectory of small oscillations of the rocket about the center 
of gravity. Thus the most important equations for us will be equations (13.1) and 


(13.3) and less important, equations (13.2) and (13.4) in which we will produce 
main simplifications, 


In equations (13.1) the members depending on angles of deflection of control 
Surfaces are secondary in their value. Therefore, equations of control (13.5) can 
be used in considerably simplified form. Further, in equations of motion of the 
center of gravity (13.1) and (13.3) the first two equations depend little on what 
will be the solution of the third equation (for z and 2), and, consequently, in 
certain cases equations for x and y can be examined independently of equations for 
z,. Finally, there are possible simplifications of equations of motion as a result 
of rejecting certain emebers immaterial with a certain accuracy of calculations. 
in such a pian and we will start the simplification of equations of motion for the 
investigation of motion of the rocket on a powered-flight trajectory. 


If we disregard small oscillations of the rocket about the center of gravity, 
then the motion of the rocket will be accomplished with insignificant angular speeds 
and accelerations, For example, the angular velocity of the slope of axis of the 
rocket is ©,01-0.03 1/s and is changed very slowly with the exception of separate 
points, Quite insignificant are angular velocities with respect to axes O4X4 and 


O94 - Consequently, in equations (13.2) it 1s possible te disregard members 
proportional to angular velocities and accelerations, and these equations take the 


form of conditions of equilibrium between serodynamic moments and moments from 
controls: 


R'h, O, =: 8,) a= 0, 
60S(#,—2)G—O—R’(— =), +8) =O, (14.4) 
6,95 (x, — x,)(¢ — 8) + 22’ (1, — x,)d, = 0. 


50 


Sues, ee acai 


Fede hele Adami Met ectaeniialy a a ATTA Ai eect His TOES 


TET LE EE DAT ATE Oe 





: 
[ 
| 


g Figure 14.1 snows for one of the rockets 
valves of angles of deviation of jet venes 

4 necessary for compensation of the aerodynamic 
damping moment (5, 2)s reaction moment (5, 


E 
‘ and the surmounting of the moment of inertia 
J (%,)}. As can be seen from the figure, all 


these angles are minute (range of turn of fet 
2 vanes 2xceeds #20°), 


From the same considerations it is 
t & possible to record the equations of control 
Sy {13.5) as conditions of equilibrium between 
ay commands produced by sensing devices of the 
to ee Se conrel system and deflections of the effectors, 
a " wow és In the first approximation the deflections of 
Fig. 24.1. the effectcrs can be considered directly 
proportional to the commands proceeding from 
the sensing elements. It is clear that zero commands corresj;ond to zero detiections 
or the effectors, 


™ 


As was shown in § 6, with a deflection of the axis of the rocket upwards from 
the program position on the potentiometer of the gyro horizon the displacement Ag! 
appears, We will consider that it corresponds to the proportional deflection of 
jet vanes 2 and 4 downwards (which we consider a positives: 


8, = 8, == a, Ag’. (14.2) 


Deviation of the axis of the rocket to the left of the assigned plane of firing 
causes Cisplacement &! of the potentiometer on the axis of the external frame of the 
vertical gyro. We assume that proportional to this displacement jet vanes 1 and 3 
are deflected to the right (this deflection is considered negative). Finally, with 
the turn of the rocket about the longitudinal axis clockwise (depending on the 
flight) on the intermediate axis of the vertical gyro there appears a displacement 
of the potentiometer 1' and, according to our assumption, this will induce deflection 
of jet vane 1 to the left and jet vane 3, to the right. Considering parameters of 
the control system with respect to lateral axes identical, we can write; 


io (14.3) 


Coefficients ag and bo characterize the sensitivity of the control system: 
the higher their numerical value, the greater the reaction of control surfaces on 


deviations of the axis of the rocket, They are called by static amplification 
coefficients, since they characterize the reaction of the control surfaces on a 


constant (Or slowly changing) signal from the gyro-instruments. 


Using expression (6.10)-(6.12) for €', n' and 49', we will record the equation 
of control of the rocket in the form 


6, = — a,2 + Ayn. 
6, == 8, = a, Sq. (44.4) 
$5 == — agi — dyn. 


We can now exclude angles of deflection of control surfaces from equations (44.4): 


2R’ hn = 0. 
£5.95 (£, — £,)( — 0)-+ 28’ (, — x, Jas =0, (14.5) 
6 5(x, ~— *,)(e — 9 +28’ (t, — 1) ty Sg = 0. 
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The first of these equations gives 
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fr | a=0. (14.6) 
: 
t | The second equation (14.5) can be transformed in the following way: 
| age cer 2. (24.7) 
: £5, #5 Gy — 4) + 20GR (hy ~ 44) 
' Finally, we transform the third equation (14.5): 
; 
| 645 (4, —,)@ — ) + 20,’ (4, ~ 2) [ —9 — (¢,,—9)] = 0 
a * or 
QaeR (ty —2;) (14.8) 
—¢@ —f. 
60 Sea) FIR hoa FO 


If we designate by A the quantity 


A 2a,’ U, — x,) 


1 Ee newer nis trend se 





=< ? : (14.9) 

& eS (4, — 24) + UR (1, ~ x) i 

then equations (14.5) lead to equations 
i 

9— C= AG, — 9. (14.10) 

t=(1— Aja, (14,11) : 

y= 0. . (14.22) 

Prom equation (14.10) it follows: 
bg 9 — tq — (I — A) Gag — 8). (44.43) | 


Using these equations and expressions (14.4) for angles of deflections of control 
surfaces, we will transform equations of motion of the center of gravity (13.1): 
x EW —N,)eosg - ¢,gS cos — 
—¢,as (@—Oysind -+t 2a RC — Di, ,— sin t} he 
& 
as Sela fox’ 
: t . : 
yore [(P — XK, Ysing —e,¢5 sin0 + (44.48) : 
EHS — Dees 0 — Ja CL - (4,4 —9)-osq] — 
R+ 
—=fLg- Jas — hy 


| zap ~ Xa —A)s —¢,;S8 — 


— <)9SAo+ 2a,’ (1— Ayo] —2¢--4,,—7,,. 
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In these equations it is expediently to turn to variables v, 6, and 95, using relation 
(13.3). Differentiating the latter, we will obtain 


x= veos 8 — vf sind, (14.45) 
y= Vsin0 + v6 cos0, 


or, solving with respect to % and vé, 


v== xcos 0 + ysin®, (14.16) 
vd x — xsin0 — ycos0. 


Let us insert in (14.16) & and ¥ from equations (14.14): 


om 4 (P— X,,) cos tq — 0) — e,gS + 
+ 2a (1 — A) (tap — 0) sin fg - 0) — 
— (3 ot SertJes) coso—(“ $2 ode; Jey) sin 0, (14.17) 


a= = [((P— X,,) sine — 0) -+ € gStq — 0) — 
— 2a,R" (1 — A) (Pup — 9) cos (q — 0)}-+ 


+ (F¢ t des + Jes) sin o—(442 & + Jey Sey) cos 0. (14.18) 


Up till now approximate equalities (11.13) were used only in secondary members. 
In order to use them in members having the largest magnitude in equations of motion, 
for example, in the first member of equation (14.17), it 1s necessary to give one 
self a report in the magnitude of the error committed. From tables of trigonometric 
functions it 1s easy to verify that, considering cos a, = 1, we commit an error not 
exceeding y 


0.1% when «, < 25, 
0.2% when a,-< 35, 
0,5% when a, <3’, 
1% when a,< 3’, 
2% when a,<!1%, 
5% when ay < 18. 


Since for ballistic missiles the angle of attack usually does not exceed 2-3°, 
and the thrust and drag of control surfaces are known correct to 1-2% of the thrust 
value, then the accuracy of the member (P - Xp) cos ay almost will not suffer from 


replacement of cos a, by unity. An even smaller error is given by replacement of 
sin a. by ay. The third member in brackets in equation (14.17) has the order an 


and on the same basis can be rejected (let us note that this rejecting partially 
compensates replacement of cos ay by unity in the first member), 


Subsequently we will use the following principle of simplification of motion 
equations, If in the equation there are contained such members whose absolute value 
is less than the possible error in the main a value) members, then these members 
can be rejected without damage to accuracy of the equation. The influence of 
accuracy of the equation on the accuracy of its solution is not investigated. Let 
us consider from this point of view members considering the attraction and rotation 
of the earth in equations (14.17) and (14.18). The accuracy of these equations is 
determined by member (P - X4_)/as which in the beginning of flight of the rocket 
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has @ aagnitude no: smaller than the acceleration due to gravity g, ~ 9.8 ne’, and 


% 
| toward the end of the powered section because of the Jecrease in masse of the rocket 
“f 4t increases a few times. The accuracy of this member, as was already mentioned, is 


equal to 1-24, 1.e., not nigher than 0.1 a/s°, In equstions {14,17} and (14,18) 
we will not consider members smaller than 0,05 w/s* or 0,005 g, 


Thus, the meaber > F & can ve disregarded when x < 0,005 r, 1.e., all the more 


when x & 0,005 R ~ 30 im, and taking into account factors sin @ and cos @ when x < 50 
km, The factor (R + y)/r when g can be conSidered equal to unity when R + y > 6.995 4%, . 


sts? —(R+- yP < 0,017, 
¥< 6.57 ~~ 600 km. 
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Members Sex and Je consitute vectorial components Je whose value does not 
exceed Tw, Considering r < 7006 km, we obtain 


In <7-10(7,3- 107 0,04 m/s, 


This means that centrifugal acceleration during calculation of the powered section 
can be disregarded. Finally, the value of Coriolis acceleration 4d. does oes eaceed 
Qa,v < 1.5 407" y. It will be less than 0.05 r/s*, if v < (0.05)/(1.5-107%) «= 300 


m/s. The speed of the rocket takes considerably greater significence, but the 
component of speed vy." 2 of the value 300 m/s usually is not reached. Therefore, 


members with ¢€ @ in icpreuctonk (1.14) for vector J, in the calculation of the 


powered section can be disregarded, and we can use the fullowing approximate 
expressions: 


J og WH DAY CCS, Sin} me Irma, cos 4, sing sind, 

j og 2 4TcOs 4, sing = —Srw, cosq, sia ¥ cos 6, 

Jpg — 2, £ sing, -b 2u,y cosy, cos t= yavenen : 
ax 2ow, (~ sing, cos 0 + cosq, cos ¢ sin 6}. ' 


Taking into account these remarks equation (14.17) takes the form 
Fm PX uy — 295) — g sin 8 ~ Z goes, (24.20) 
since, on the basis of fermulas (14.19), 
i., 608 0-+ J, sinO = 0. 


In equation (145.18) we will oer. ee saat ee ae and will take out , 
after the brackets the value 9 - 6 = ACG. aye Let us then divide equation 
(14.18) by v an’ find: 


& tfe t—A 
S=(Z[e- Xi 6g — ae A] —ecoso S gsind + 2c, cos, sing}, 


or, taking into account expression (14.9), 
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Hye, 


*) er 95] — gvos8 +> gsin0} + 2a, cos 7, 5:9. 





gu x 
or, finaily, 


dd ifs yee, ; . ee 
TLE (PH ht = G98) — econ 0+ Sesind] + 2acosq,sing. (24.24) 


Equatione (44.20) and (14.21) can .e integrated jointly with the first two equations 
{23.3}: since they wil] form a system of the first order equations with four unkown 
functions x, y, ¥ and &, 


fo these differential equations {it {s necessa to add the dependences (3.3), 
(20,20), (21.17), (14.9), (44.19), (6.16) and (24.8) for the determination of m, P, 
Gus Esps where the value of arag of jet vanes can be considered constant; if, however, 


there are reliable characteristics of jet vanes, then it 18 possible to consider the 
dependence Xi only from the deflection cf control surfaces 2 and 4, disregarding 


the influence of very small angles of deflection of control surfaces 1 and 3 on the 
value of the total dreg of the control surfaces. 


The influence of small periodic osciliations of control surfaces on drag of 
control surfaces can be considered on the average. The mean ‘ralue of the increase 
in vane drag from oscillations of control surfaces consists of half of the increase 
from the constant deflection of control surfaces by a value of the amplituse of 
oscillations. 


After the motion of the rocket in plane Oxy is calculated, one can determine 
motion of the rocket in a lateral direction. 


biffercntiating ine latter from equalities (13.3), we obtain 


gas =~ 2 = 
or 
de = dz 


Tm ~ Or, 
dt oa 


Substituting Z and dv/dt from equations (14,14) and (14.20), we will find: 


ab # at 7 ae 
ve =~ [2 -) Vip eaeS —-(P -- Xi, : 6,95) Ve 
+ take (0) Se - het haa 


_ =P — Nyy -- 950 + (s sia 0 4- = os 6) a. 
After transformations, the considering expression 
a, = — Ag, 


emanating from equations (11.18) and (14.11), we will have 


do 2 ’ 1—A é : e ; 
oF = Zle—x, = ly 9S — yo 24k] + $8 + Sat Ja >(8 sind + = gcos0)e. 


Considering the remarks made on the possible simplifications in last menbers, 
using expression (14.19) for Jor and transforming the bracket just as with derivation 


of equation {14.21}, we will obtain equation 


(meet ae en fh nO ARTRR The BW AR en mete HN 


f= 


; a 3 e 
‘ Bm tye Ay > LEE a8) + Ferme 





~~ Qs (sing, cos @ — cosy, sus ¢ via 8), (46,2?) 


which together with 


TEEN SRC Te Oe ee 


a Sn — 0 £24.25) 


{see third equation of (11.5)}} serves for calculetion of lateral deflections. . 


EFI P PT MTT 


Trus, the most general system of equations for ballistic calculations (44,20), 
(38.22), (33.3 , (14,22) and (14.23) 18 obtainec. This system can de used direct 
or numerical integration only when 4 number of constructive data of the rocket is 
known, ramely: 


e 


j 
i 
| 
L.. 


a) accurate laws of the change in shrust P acd flow rate per second m in flight; 


b) accurate values of eerodynamic properties (c,5 Cl 4 ¢,) for different 
conditions of flight (M, h, a); 44 


c) accurate characteristics of jet vanes (R', G, A); 

d) parameters of the control system, in the first place, "program" of inclination 
of the axis of the rocket (e, } and proportionality factor between the mean deviation 
of the axis of the rocket from the position prescribed to it by the control system 
and the mean deviation of the jet vanes {a}. 

Purthermore, it {5 assumed that calculation is produced for a definite position 
of the launch point and direction of firing (%,» ¥). 


1 
Ln one eee nN na Mer Rae a ites ali come ati REE arte etiam 


Tn the first stages of designince of the rocket enumerated constructive data 
are imawn only very approximately or are quite unknown. Their more precise 
definition is possible only on the basis of a number of laboratory, static and flight 
tests of the rocket and its units, These teste and the entire designing of rocket 
as a whole should be hased in turn on preliminary calculations of trajectories, 
which are fulfilled on the basis of more or lesa cimplified equations of motion, In 
these preliminary caiculations of trajectories, which are *uifilled on the basis of 
more or less simplified equations of motiun. In these preliminary calculations there 
usually is no Special interest in the influence of the rotation of earth on the 
trajectory, since the main problem is the determination of mean values of flying 
characteristics of the rocket. 


Qur immediate problem will be the composition of simplified equations of motion 
which would correspond to some presence of initial constructive data and decree of 
their accuracy. Rotation of earth will not be coneidered, knowing that when 
necessary it can be considered by introduction of member ag cos o, sin ¥ into the 


equation for dé/dt and member ~20,(sin 9, COS 6 - cos 9, Cos ¥ Sin 6} into the 


equation for do/dt. Then equation (14.22) at initial conditions € = ¢ = 0 when 
t = 0 gives for the whole powered section o = ©, and therefore Lenceforth we wiii 
not write equations for « and z, implying that notion is accomplished in plane Oxy. 
The angle a, turns into zero, and angle By coincides with the angle of attack a, 
Subsequently we will use designation a instead of as 

Comparative calculations of trajectories and certain theoretical considerations 
show that a change in the form of the powered flight tragectory, i.e., a change in 
the dependence O on t, has comparatively little influence on the speed of the rocket 
at the time of the turning off of the engine on the full flying range. Therefore, 
when the main problem is determination of distance, simplification of equations of 
motion can be allowed mainly owing to the equation for dé/dt, 
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In particular, if there are no data on the magnitude of coefficient & 








characterizing the sensitivity of the controi system of the rocket, it is possible 
to consider control systen of "ideal," which corresponds to an infinite value of 
the coefficient a,. Passing to the limit in the equation (14.8) when By ~ @ we 


will obtain : 
e=q— O=y,,—0, (14.24) 


and equations of motion take the form 


AE we L(P — X,— 0,95) — & sind — = gcos8, 


@) Sadan —0 bow; 
a ee Sen" (P — Xi post 9S) — 


dt v m 
— gc0s0 + 4 gsind], (14.25) 
SE wa 01005 8, 
‘ 
<P wx 1 sin0. 


If it is necessary to determine the program angle of the deflection of jet 
vanes 6,, then 4t is possible, by using the last of relations (14.1), to obtain the 


expression 


¢,aS(x,—-«, 
= pCa =) og 0), (14.26) 


If now one were to consider that when a5 7 © in the limit 1s found to be 9 = Pips 28 


this ensues from relation (14.24), then expression (14,26), will take the following 
form: 


eas (*, _ *,) 
= — Sean “fap — 9)- (14.27) 


The system (14,25) 1s most commonly used in those cases when there is produced 


a checking calculation of the trajectory for the purpose of determining the parameters 


of motion of the rocket and loads having an effect on rocket on the powered section, 


If the form of the trajectory, 1.e., the dependence of the angle of inclination 
of tangent 8 on the time of flight is assigned beforehand, then in system. (14,25) 
one should jointly integrate only the first and the last two equations with unknown 
functions v, x and y. The second equation of this system can serve for the 
determination of the angle of attack 


20 £ 
a perf ae 
_ mv a: gcos0 > gino) 


@ (14.28) 


sx, 
P— Xt Ta GS 


The angle of inclination of the axis of the rocket is determined with this by the 
forma 


The absence of exact values of aerodynamic coefficients and centering of the 
rocket is indicated greatest of all in the determination of the angle of inclination 
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‘ 
of tengent @ from the equation for 29/at, in which the menber depending on 2507 Nae 
a 


ti - %, and cy 48 the main one in value, It is natural that the angle of attack 
i 
@ ie determined inaccurately. Since the angle of attack of long-range rockets in 
flight te usually samll, it is impossible, disregarding it, to calculate the 
trajectory by rquations obtained from (14,25) when O = o@, (in this case it is 
x ae 


possible to disregard the member = @): 
dy t 
“te Zh Myo Sy ging... 
2 FOG Hage (18.30) 
Z : 
aot eting, 


The error pfracticaily appearing in the acceleration of rocket ts less than the error 
due to the inaccuracy of 10-20% in value of the coefficient of drag. 


The systen pee | should be used for all design calculations, for further 
simplification of equations of motion, for appraisal of the influence on the motion 
ef the rocket of different factors little connected with the form of trajectory, and 
in other cases not requiring special accuracy. 


§ 15, Equations of Motion for the Region of Free Flight 


In the solution of the basic problem of ballistics it is assumed that the 
rocket accomplishes free flignt with an angle of attack equal to zero, It follaws 
from this firet that on the rocket act only two forces of all those examined by us: 
gravity and drag. Secondly, there is not need for equations of motion abcut the 
center of gravity. Consequently, the equations of motion (13.1) for the section of 
free flight take the form 


- t. = 

am — = 6.980050 —~ 2g — Ne — dee 

- 1 R+ 

ym — be gSsino— 4% 54,4, (15.4) 
s 1 

Eom = ¢,4S0— 58 — fer — Sexe 


where v, @ and o are determined by relation {13.5}. The latter can te rewritten 
THs: 


cas 0 — Fe, 
? 
vy 
Pies (15.2) 


oe — Sk, 
? 


Considering that q «= (pv*/2), and using expressions (1.9)-(1.11), we will record 
equations of motion for the section of free flight in the following form: 


: 


SRP Nien, ee IRE RT II oR mnt mene eens + 


LR eer ee LAE IM Bitlis ee eB 








dee $s £ 2 
Ip oO Saw OP Ve FH OY (Le cos g, cos $ 


TR y)sing, -~- 2608 ¢, slat] cos 4, cos tp — x} — 
— 2o3(v, cos, sin} -- v,sing,). 


de Ss & & 
wat Far C09, — > (R+ y)-— 5 [Le cos gq, cos f +- 


lt: 
+(R+ y) sing, — 20084, sin t] sing, —(R-y)} + 
+ 203 (v, cos 4, sin it + 9, cosy, cost), 
ty = Se pve, —£ z—0} (—[xcosq, cost ‘- 
“7 (R+- y) sing, — 2¢03 q, sin ft] cosq, sing — 2! -& 
“F203 (0, sing, — oy ees peer st) 


or finally in the following form which 1s more convenient for calculations by it: 


we pies ke, Pov, — £ x payet ag Rby)+ 


+ C132 + 5,9, + by30,, 
tae, 2 — vv, — 2 Ry) + ene t+ (15.3) 
a ay oe JY) He Gag F by, fe bag. 


6 on — ke, & ro vy,— = Le+ CyX-b ay (R-+ y+ 


Hf Og32 by, + A320, 
where 
Sho, 
k= oi (15.4) 
@,, =» 5 (sin? p, -+ cos? y, sin? t). 
@),77 Ay == - Oj sing, cosy, 20s p, 


4, , = G4, == wh cos? ap, sin iP cos 
@,, == 03, cos? Pee (15.5) 
5, == @,, == OF SIND, cos ¢¢, sintp, 
= 03, (sin? 4g, -f- cos? @, cos? th 
by, = — by = — 2eog cosy, sinh, 
6,5 =2 —b3, = — 203 sIng,, (15.6) 
6, v2 — b,, 2= 203 Cos Gf, COS f 

are constant for the given trajectory coefficients. 


Equations (15.3), together with equations 
d 
4 ae, (15.7) 
should be applied in those cases when it is necessary to calculate the trajectory 
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with great accuracy, for example, in the compilation of preliminary tables of firing 
for flight teets of a rocket, 


It is necessary to consider that in the determination of flying range the 
accuracy of calculation of the section of free flight has much greater importance 
than the accuracy of calculation of the powered section, Actually, the deflection 
from the calculated trajectory which the rocket has at the end of the nowered section . 
to @ greater or lesser cegree i8 compensated by the control system, namely, the 
instrument, sluthing off the engine. Tuning of this instrument is produced by 
proceeding from calculation of the trajectory coi free flight. Thus, the main factors 
affecting coincidence of calculation and actual range are the perfection of the . 
control system and accuracy or caiculation cr the section of free flight. 


On the other hand, possibilities of accurate calculation of the trajectory for 
free flight are considerably greater than those for the powered section, since a 
larger part of free fiight lied in so rarefied layers of the atmosphere that the 
only force subject to calculation in equations of motion ts gravity, which is weil- 
known with great accuracy. If one were to consider the flatness of earth, one can 
determine the accelevation of gravity g with an accuracy of the order of 0,0S04%, 
The assumption made by us on the sphericity of eartn considerably lowers the accuracy 
with which the acceleration of grevity is determined, which is clear from Tabie 15.1. 
In this table R denotes the mean radius of 2arth and R', the true distance of the 
point from the center of earth, 


Table 15.1 








Hence it ts clear that formula 


c= Lh 


(15,8) 


possesses an accuracy of the order of 0,04 nfs’, or 0.1%. Purthermore, Table 15.1 
shows that it is expedient quantity r to calculate by the formula 


roa R+h, 


where h is the actual aititude of the point above the surface of earth. If, however, 
by © we mean the true distance of the point from the center of earth, then the 
accuracy of forme (15.8) will be reduced almost three times. 


Thus the accuracy of the right sides of the system {15.3} does not exceed 0,01 
n/s2, and we have the right to disregard in them members smaller than this value. 

Since the value of coefficients By, doea not exceed we, members of the form > 
€,,% and @,,2 can be disregarded when [xf or Jz] < (0.01/22) = 2+10° m = 2000 km, 
Members with coefficients Ys, can be disregarded, if the absolute value of the 


corresponding component of speed does not exceed : 
om Ol wg, 
mas} 2} i iG m’s, 


Tris condition for long-renge rockets can satisfy only vy the component of speed o> 


a ee ee 


In *ne member & x it is possible to replace r by R, if 


x x aixh 2 
s|f—e l= Fue! <o01 mys", 
1.e., when 
O0,1Rr 
“h meee 
[np < 


and all the more when 


[xh] < Sh 40.000 km°, 


which takes place ebout the whole trajectory for “firing ranges up to 500 km. 
Analogousiy one can assume that 


££, 
z= Rez 
when 


| zh] < 40000 km*. 


In all members containing r, it 18 possible to replace it by R+y, if 
Rt& > 0.999 (vroceeding from an accuracy of 0.1%), and this is fulfilled if 


(R+ y)? > 0,998r?, 
x? < 0,0027?, 
x < 0,045r 


and all the more if x < 0,045R ~ 280 km. 


Let us now turn to the simplification of equations for the section of free 
flight. Above it was already said that for calculation of average flying 
characteristics of the rocket the rotation of earth can be disregarded, With tnis 
tt is better not simply to reject members considering the rotation of earth but 
replace them by mean values. At first we will calculate the mean values of 
coefficients Bik and bax for the arbitrary point of launch on the surface of earth, 


changing the azimuth of firing » from 0 to 2n. These mean values of coefficients 
will be noted by primes. They are calculated by the formulas 


22 
ai =a f east k=l, 2, 3. : 


Carrying beyond the integral sign the y factors not dependent on, we see that 
the calculation of coefficients is reduced to the calculation of integrals 
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lg, 


2 
Jat és 
a & a 
[mtn f cospay =o, 
@ 


Fa] t& 
J sist pag — f cose dg == x, 
@ e 


J sin} cos ¢ dea 6. 
¢ 


Thus, 


aj, = 03 (sta?¢, + cost, ). 
ay, = @ cos? ¢,, 
G3, = 0; { sin? @, + 4 c0s"¢,) : 


° ae o e 2 . 
= t= 4), == 0), = @,, = 23, w= 0: 


(15.9) 


(15.10) 


— dj, = 5), an 2, sing, 
bi, = b), we D5, =z) =a 0. 


Now let us find the mean values aly and La of coefficients aj, and Ole (there 
will be at the same time the mean values of coefficients a,, and Dsy) over the entire 
surface of the earth S. These mean values are equal to 


2 a 3 


. a! 

J f ui, dS a f Gi, tostdy 2x f aj, COs G de 
». £ e aa2 = 
aie tng a hg ~ 


or, finally, 


Calculating the definite integrals 


an 
4 sin? ¢ cos ¢ dq = }. 


a.) 
fovsams. 


nf 
f sian gcos¢ dg oe 0, 
Z : 


~ 


I eee Ae * 


We find values of coefficients interesting to us 


Of ae ay = 65m 20} = 3.545- 1077 
6), = OF, = 2), = OF, = a5, == at, = 0, (45.12) 
by = oF = by, = 7, = b5, = 85, = 0. 


Consequently, the mean flying range of the rocket can be determined by 
integration of tne system 


av, =— ke, = Co, -- (£—Zet}x. 


Te 

du, ° e«?2?y,y 15.12 
ge Rta ve, — Fa yy at y). ( 5. ) 
dey Pay —(£ 2 3) 

ie = — Berg 8% (£-F4 Zz 


together with equations (15.7). 


The last equations of systems (15.7) and (15.12) show that at initial conditions 
z= O and vy, = O these equal‘*ies will be fulfilled alony the entire trajectory, i.e., 


the mean trajectory of the - et lies in plane Oxy. Thus, the need in equations 
for 2 and v, is eliminated, 


System (15,12) is -. ewhat simplified during transition to polar coordinates, 
i.e., with replacement .. coordinates by the formulas 


x= rsinz. 
15.1 
Rieger) 7) 


where x is the: central angie formed by rays drawn from the center of earth to the 
point of launch and to the rocket, in other words, the angle between the radius 
vectors of the launch point and rocket. Differentiating relations (15.13), we find: 


¥=2fsing-+ ry 00s 7. 
site a (15.44) 
ye rcosy— rzsing: 
X= PFsing + Wwyzcosy —r7sing + ry cos yx. 
eet nee ee (15.15) 
y=rcosy — 2ryzsing — ry cosy -- rz sing. 
From equations (15,13)-(15.15) the following relations ensue: 
_ ¥8laz+(R + y)coszmsr, 
*¢0sz—-(R~+ y) sing = 9; (25.36) 
xsin y+ yoosy=r. 
ee (15.17) 
xCOsy— ysiny = rz; 
K sing} ycosy = 7 — ry, 
(15.18) 


xeos x — y sing = 2rz + ry. 
Substituting in relations (15,18) X and ¥ from equations (15.12) and using relations 


(15.16) and (15.17), we will obtain a system of equations of motion in polar 
coordinates: 
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Fat gw — ke, ® ory. | 
Speed v, on the basis of equations (15.14), is expressed by r and yx thus: *{ 
1 
gts dt yee 7+ UD (15.20) 
Altitude h and flying range along the arc of the earth's surface yield expressions a 
} 
1 
rea (15.24) 
{xx Ry. (15.22) ; 


Finally, if the altitude of flight is so great that drag can be disregarded, 
system (15.19) results in the form 


7 se 15.2 
14+ 2r zx = 9, Geeree 


i—Bm— et 50a | 
or, taking into account expression (15.8), 


~ . AE esas 
fra — Lge) . 


ats 
gro= 0. 


awe een 


(15.24) 


Tne second equation of (15.24) is written on the basis of equality 


cs 1 nematene Span Kae Abe eae 


i+ %pD=— Fp. (15.25) 
If in the first of equations (15.24) we disregard the member 5efr, which will 


lead, obviously, to an insignificant decrease in the calculation range as compared 
to the true, then we will obtain the system of equations 


et rua, 


Frit — Ff, 


15,26 
F'n =0. uf ( 2 ) 


which is easily integrable in general form. We will arrive at this system if we 
examine not the relative but the absolute motion of the rocket at high altitudes, 
4.e., the motion in the inertial system of coordinates the origin cf which moves 


together with the center of the earth, and the axes maintain a constant direction 
in spece. 


The absclute motion of the rocket is composed of the rotation of the earth and fe 
relative motion of the rocket. With motion at high altitude where aerodynamic forces 


are negligible, it 1s simpler to determine the relative motion not directly with 
the help of aN eae 

simple equations (15.26). 
detail. 


3) but using the absolute motion which is described by 
These questions are analyzed in Chapter V in greater ° 
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§ 16. More Precise Definition of Equations of Motion 


In the preceding paragraphs in speaking of the terrestrial system of coordinates, 
we did not distinguish two possible positions of this system, In § 1, for example, 
it was implied that axis is directed along the radius of the earth, and in other 
places, in particular, in § 2 and 6, it was assumed that at the time of launch the 
direction of axis Oy coincides with the direction of the longitudinal axis of the 
rocket, 1.e., with the direction of the plumb line. In the first assumption plane 
Oxz touches the surface of the sphere with the center coinclding with the center of 


earth, but in the second one it is the tangent plane to the actual surface of the 
terrestrial spheroid. 


Deviation of the plumb line from the radius of the earth is cavsed, first, by 
via i4CL inat On tne boay quiescent at the surface of the earth, besides the 
attractive force mg, there acts a centrifugal force mw5R COS O,, directed on the 


perpendicular to the axie of rotation of the earth. The resultant these forces mg‘ 
is gravity, and its direction is the direction of the plumb line. As can be seen 
from Pig. 16.4, this direction will form with the direction of the attractive force 
the angle y', the value of which can be easily determined by the theorem of sines 


sin y’ __ tig, 


me, Ros ¢, me 


The centrifugal force is small as compared to gravity (not greater than 0.35% of the 
Jatter), and therefore angle Y' is small and with 
sufficient accuracy one can assume that it is equal 
to 






9, 


meas Ree Pe 
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i= value of angle ¥' consist of (for latitude 
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Fig, 16.1. 
Secondly, the very direction of the attractive 
force does not coincide with the radius of the earth 
and due to the deviation of the form of earth from a sphere will form with the radius 
of earth (more accurately, with a straight line comecting the given point with the 


center of earth) the angle y". As a result the plumb line is deflected from the 
radius of earth at angle 


mV +7. (16.2) 


The value of angle Y is easily determined from the condition that the plumb line 
is normal to the surface of the terrestrial spheroid. If one were to assume the 
latter as a ellipsoid with a flattening a = (1/298.3) (Krasovskiy's ellipsoid), then 
for angle Y there can be obtained an expression accurate to values of the order of 


a’, 


Y= asin 29, (16.3) 
Angle y has at latitude 45° a maximum value equal to 
Yonss 7 Fe 0.00335 we 11/5. 


Thus, at the surface of the earth the centrifugal force caused by the rotation 
of the earth gives the <ame effect as that of flatness of the earth, 
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Let un geep the designation Oxyz for the system of coordinates rigidly joined 
with the earth, for which the origin is located at the launch point, axis Oy is 
directed upwards along the vertical directly opposite gravity, and axis Ox, lying 
just as axis Oz in a horizontal plane, will form with the plane of the prime 
meridian the angle ¥. This angle is called azimuthal aiming, Such a system of 
coordinates wiil be called launch, since at Taunch the connected axes of the rocket 
are oriented along axes of the Taunch aystem, namely, the 04% axis is combined with 


the Oyaxis, O44 axis is directed aside, directly opposite to Ox axis, and Osh, axis 


is directed in parallel with axis Oz. Consequently, the axis of the gyro-instruments 
at launch are oriented along axes of the starting system: The axis of rotation of 
the gyroscope of gyro horizon is along the Ox axis, and the axis of rotation of the 
vertical gyro is along the Oz axis, 
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The second inaccuracy which was allowed up till now consists in the affirmation 
that the axis of rotation of gyroscopes of gyro-instruments remain in paralliei with 
axes of the terrestsiai system of coocdinates. In reality they remain in parallel 
with the directions which had corresponding axzs of the launch system at the time 
of launch. Axes of the launch system, being rigidly joined with earth, turn at 
time t at angle wot about the axis of rotation cf the earth. For one minute the 
angle wt reaches a magnitude of 15°. 


The position of axes of the launch system at the time of launch will be 
designated by the index "0," Thus we wili use three systems of coordinates: bound 
O4%4 94240 launch Oxyz and initial launch OXY oZ0- 


Everything said in § 6 remains correct if instead of the terrestrial system we 
use the initial launch system of coordinates, In particular, angles 9, & and n should 
also be counted off with respect to the initi71 launch system. Consequently, Table 
2.1 of direction cosines is correct for axes 2f the bound system of coordinates 
with respect to the initial launch system (Ti dle 16.1). 


Subsequently everywhere we will disregard the squares and pairwise products of 
angles Y, .t and other small angles. It is easy to verify that the direction cosines 
between sexes of the initial launch and launch systems of coordinates will be 
determined by Table 16.2. 
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Table 16.2 ___ 

| | Ox | Oy | Oz 

Ox | 1 | ta3f cos ¢, sing | o,fsing, 

3 Oy, | —asteoss, st4| i | asf cos ¢, cos 7 
Or, | —~ylsing, wf COS ¢, cost | t 





t 
Let us introduce designations for the small angles appearing in Table 16.2: 
WO Cosy, cosy, 
}=aossing, (16.4) 
¥, =~ @,f cos ¢, siny. 
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With these designations Table 16.2 will take the following form (Table 16.3): 
Table 16.3 
Ox | Oy | Oz 






Comparing Table 16,1 and 16,3 {multiplying matrices}, we will obtain values of 
direction cosines between axes of the launch and bound systems of coordinates (Table 
16.4), Here, on the basis of the smallness of angle Y, it was accepted that 


Sin}y=Yy. sOSyy= 1 
and, consequently, 
cos (g¢ — y= cosy + y, sing, 
sin (sg — y,) = sing — y,cos¢. 
Table 16.4% 

Ox | Oy | | Oo: 

j 

rod 


ox] cos—va | stato fy, 
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Os.| —sia@—v | cos —va y isesy sine 


[0.21 scons +4 stag—vf3 sin, —ycosy in| i 


As was already noted, deviation of the plumb line from the radius of earth is 
caused almost in equal degree by the centrifugal force, conditioned by the rotation 
of earth, and the flatness of earth. cence tuenthys considering this deviation and 
determining its value by the formula (16.3), we are obliged at the same time to 
: consider the deflection os the acceleration of the earth's gravity from the law 
i expressed by formula (15.8 
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It is known that the acceleration of terrestrial gravity, with an accuracy of 
! values of the order of oblateness of the earth a, can be decomposed into two 
components : 


radial 


= 5 Gsi'g,— 0) 


ie and meridional 


e.-% sing, cos q,, 


where r is the distance of the examined point from the center of earth; Pn = the 
geocentric latitude of the point; fM = 3.9862 x sot a4 m/s? — the product of the 
gravitational constant by the mss of earth; u = rya?(a - B) = 26.245-10" w/e"; 
m= (we a 3) /(em) the ratio of centrifugal acceleration to the acceleration of 
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£ gravity at the equatcr, 


The radial component é, is directed to the center 
of earth, and the meridional bn ia perpendicular to 
it and lies ins plane of the meridian and is directed 
in the direction of the equator (Pig. 16.2). , 

It is expedientiy to decompase vector a, anto 
two {non-orthogonal}), components g' and g, ine 
direction of radius OA and axis of rotation of earth 








© ON, From the triangle ABC there can be obtained 
Pig. 16.2, for these components expressions 
v=, '2¢, = Min 
aS Te Fe ae (16.53 


Su = 8a wae = » sia g,. 


Component g' acts in a direction directly opposite the direction of the radial 
s.cceleration Gy. These two components of acceleration can be united in one expreseion 


gat — Zune, — 1. (16.6) 


Thus, in the composition of equations of motion, taking into account the flatness 
of earth, it 18 necaasary to consider two components of the acceleration of 
terrestrial gravity: Bye directed to the center of earth and Gy» directed in parallcl 


to the axis of rotation of earth. We will again deduce equations of motion; reveating 
the way already done in § 11-14. 


As a basis will use the launch system of coordinates. Angles 6 and o will 
determine the direction of the tangent to the trajectory in this system, Conseguenly 
or 8 arse eae (12.2) and all of them ensuing, including (13.3) and (14.16), 

orce,. 


Direction cosines of tractive force and forces from controls in the launch 
system of coordinates can be found from Table 16.4, since these forces act along 
axes of the bound system of coordinates. Two component forces of terrestrial gravity 


have direction cosines represented in Table 16.5. Im this table Xue Vos Z, are 


coordinates of the center of earth in the launch system of coordinates. They can be 
calculated by tne formas 
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Ve = — F008 y, £46 .7)} 


X, = fysiny cos ¥. | 
2,m— rasinysinyg. 
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where to is the distance of the launch point from the center of earth. With an 


error having an order of a°, the following formla are correct: 
fem a(t — asic’, (16.8) : 
x, =m aasin2e, cost. 
yall —asin'¢,). | {216 .9) $2 
#,= — ca sin 2g, sind. 


The value of component force of terrestrial gravity appearing in Table 16.5 is 
determined with the help of formulas (16.5) and (16.6). Entering intc these formulas, 
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the quantities rand 9 


are determined by the rormulas 


i 


ee Vas FG "0 ta zy (16,10) 
and 
; : _& Fe) a6 to- Fo} 83, +E —4)3 f f 
ERE oer gage ee oe 


where r, is the projection of the radius vector r on the axis of rotation of eartr. 
expressed dy formulas 


t, = G74 %5. FU ~ Vo) 5, Pease 
3 
Formulas for the determination of vectorial components of angular velocity of 


the rotation of earth on axes of the launch system of coordinates do not differ from 
those derived in the first part: 


(16,42) 


@,, =, COST, cos f, 
@,, = @, sing, (16.13) 
By, =F — 8 06S ¢ sing. 

Por the determination of aerodynamic forces and moments it is possible, as 
before, to use vector formulas (11.7)-(11.10) and formulas (11,19) and (11.20) 
ensuing from them, where in the latter 

@, == — 9° - yf = cos Osin(¢ — y,)— sinD cos(p — 3) + 
+ o(— 7, cos ¢ — ¥, sing + 9) aw ; 
se sin(e — ¥, — 8) we — 5,— 8, 
@, = ©". rtax cos O(2 cos ¢ + Asing t+ 
+ sin9 (sing — ncosq + y)J—e aw 
ww 5003 (p — 8) + Hslnlg — 6) + ¥, sin 8 — y, cos 8 —o. 


The last formula, since angle @ - @ is Small, can be rewritten in the form 


a,=t—¢ +, rin® — y, cos 6. 


Direction cosines of moments May and Mae coincide with components of vectors yy 
4 


1 3 
and zy {Table 16.4) and direction co.ines of forces Yy and Y,, with direction cosines 


of vectors 
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—-#xXxfhu 
az y # 
mo coe ® stat —@| = 
cong + using —¥, Fsing — Qcosg + y, i 


me —~ sin On" + cos Oy® +- (mq — y, 102 8 —~ y, 10 6) a 





and 
—-#xX¥=- 
# ¥ » 
=_— coe 8 st28 ~¢ as 
== slalg ~~ 7) costg —¥.) — ¥, Cot — ¥, Sing + 4 


as — y— ¥, 008g — Fy Sin g)sin 0 + 0 cos (@ — ¥)] 2° + 
=} R —- ¥, C06 G — 7, 810g) COs B — Osi (ge — WT — 
— 0: 1¢ — — 8) 2%. 


Here it is peomerpie to assume cos (9 ~ > 6) « cos a, = 1, Both vecotrs vo x ro 


and wv x YS, just as in § 141, can de considered unity. 


Now it is — possible to copy tables of forces and moments having an effect 
on the rocket (Tablet 16.6 and 16.7), where damping moments will not be considered, 
Hence with those came giecestion @6 in § 13 and 14, we will obtain the following 
equations of motion: 


Mt het ded [# ut fe, = 
— eS cor8 — €95 (@ — vy, — 8)sind + 
+P — Xy) 036g — ¥.) — 284, sia (ge — yD. 


n+ ty tide —a[& o—-1+£e,]— 
— €,4S sin + €5 45 (¢ — y, — 8)cos 0+ 
PURO N = Ge SeRea te 
- & bs 
mitt Sat, ~~a[£c G—-y+B &e,|+ 


+ 2,950 —e,¢S(3 -- o-+¥, sie 8 — 7, cos ®) — 
—(P— XG + y, sing — ¥,008¢) + 2 @, +4). 


RA, @, — t= 6, 
_ aS (z,—2)G—o+ J, 3in @ — y, con + 
+RG— 296,48) =. : 


~695(4,— 2 )(0— 1-9-2 G2 )AmO. 














Table 16.6 
| | 
waits a, = me, _ -2t is "| 
| Gime, ~~ Oy, fey ¢ = W, fos ~su, 
& X wv 6 gg5 — tos 0 | sind | 
$ 
wet Y, - £458, : ant | cos 0 at cos—y) sind, 
i 
ure ¥, = ¢,¢Se, oR Soe Hae) (yy, COs Gy; sin g)<! 
Og cos fp — 43) | x cog O ~ 0 ala ( — Ys) 
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Forma (1%.4) for angles of deflection of control surfaces remain in force, 
and using them, we obtain: 
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Sm ERP — X,,)coscp — yy) — 2.48005 8 — | 
6638 (4 — Wy (sind ~~ 2a,R' \q sin — y,)|— 
¢ 


&, é, 
ee RY Se Sea desi 


§ =t ke -- X,,) sing — yo —- c,gS sin 
Sdigslgis Y3-- eae, 2a,R’ \q cost —y,)] — (16.14) 
—£y - d— Soy, - hy ep 
io — A ye—ai, + 4efe5}Q4-y,see—1,0000)— 
— (€, +¢,)¢50 + 20,23) — 


& fe 
i fo eS a | 


n= 0, 
¢ 9S (x, — x.) --o + y, sind — ¥, cos B) + 
tf 2aghk’ , ~ x) 5 == 0, 
5 85(24— AYO WO +26 — aM. 
Simplifying these equations in the same way as in derising dependencos (14 .10}- 
(24.13), we odtain: 
R= 0, 


@, = —~ A(a-- v, sin ® -}- y, cos 8), (16.15) 
{ae(l — A)(o~ ital ts 


@, © A(fsg — ¥,— 9. 


t (16.16) 
bg == — (1 — A} (tay -— ts ~ 
where by A, as before, we deSignate the quantity 
2a? Ut, ~~ xs) 
A= 16.1 
2ayR (4, — +.) + 6,95 (42-41) ( 7) 


The equations obtained differ from equations §§ 13 and 14 by the presence of 
members containing the coefficient u fin components of the acceleration of gravity), 
and members depending on angies Vas Ye and ¥5 (in equations of motion about the center 


of gravity). It is not alwa:s necessary to consider these members. The group of 
members containing Yq Yo and Vas characterizes the behavior of gyroscopes with 


respect to the system of coordinates revolving together with the earth, Calculation 
of these members gives during calculetion of the powered section approximately the 
same effect as that of the calculation of Coriolis acceleration, and should be 
preduced in all those cases when the latter is taken into account. During calculation 
of tne section of free flight this group of members, naturally, loses weaning. 


Calculation in equations of motion of members dependent of u gives a result of 
one order, taking into account centrifugal acceteration, During calculation of the 
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powered section and section of free flight for diatances of the order of several 
hundreds of kilometers these members, along with centrifugal acceleration, can be 
disregarded, Such an assumption is equivalent to the fact that the field of gravity 
is assumed central and purely Newtonian: the acceleration of gravity is found to be 


inversely proportional to the square of the distance from the attracting center 
located on axis Oy. 


After these remarks we will write the equation of motion for the powered section 
and for the egection of free flight, 


For the powered section in the launch system of coordinates we ovtain the 
following equation with the help of the same transformations as in § 14; 


Gem iip Xi, — ¢, 9S) — g sin8 — = gcos8, 


t{S[e- x,,4 Goa 295. 9s] — 


Lt 
— gcos0+ = g sing} + 2ascose, sing, 


UA lex, 4 Hatd gs] 


a[& & 


toot “ji—-x 
16.18) 
+ sosind} ~- uy (sing, cos — ( 8; 


— cos 4, cos fT sin 0), 


ae eg: 


dt 


where for the determination of angles ay and G), the relations (16.15)-(16.17) serve, 
and angles Y4, Yo» ¥3 are determined by the formulas (16.4), The acceleration of 
gravity g is calculated by the formula 


&! 
&= fe (16.19) 
It is expedient to determine the acceleration of gravity at the surface of earth & 
depending upon the latitude of the launch point by the forma 
Bo== 9.7805 + 0,0519 sinte,. (16.20) 


Equations of motion for the section of free flight in the launch system of 
coordinatcs with those same assumptions (for small flying ranges) have the form 


dv, & £ 
Bates aoe +x + b:0, + 5,30,. 


ée e £ 
a= he, ge ov FER + Yt bn, + b240,. 


#v, P @. 
hm tea ETH Me, + hay (16.21) 
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where cesfficients k end by, Gre expressed by formulas (15.4) and (15.6), and g is 


determined with the hein of formiles (16.19) ard (16.40), It 18 recommended to use 
these aquations for distances of the order 500 km end below, For greater distances 
ow anould use the equation o: motion composed in ihe launch system of coordinates, 
takiug into account tne noncentralness of the field of gravity. We will obtain them 
Trom equations veer) in the same way, as were derived equations (15.3) from 
2quations (13.1 
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ev, 7 
+> —ke, > ov, _ ay —yy~ Foyt 
+ 4y(s — 26 + only — ¥)+ 


do 
Se he 


SRN MT TE SSG OT ESOT PET GT 


3 
ia 


EEE RIES FT 
i : 


3 


: ‘ (16.22) 


Grate, 2 oe, — 22 2) $a. + 
t fy (x — 2) + enly — ¥ + 


byl? ~ 29+ by0, -bbn%,. 





Fas 
dy 

“a = 
oe. 
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where 


: bee 32; (16.23) 


€,, = a). Gye 8a... 6,28 —),, = 2w,,. 
. &, = a, —},. Cy 6 0, 6, = —?¢,, = 2a, (16.24) 


‘g=43~—a,. Cy Gy, — 05, My,, b= — b,, = 205; 
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quantities g) and g, are determined by the formas (16.6) and (16.5), and quantities 
Ways Dy and »,, by the formulas (15.13). 
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Por the determination of the altitude of the point of trajectory above the 
survace of the earth, it is possible to use forma 


kes fl — £3, 
whe re r. is the radius vector of points of the surface of the terrestrial spheroid 
for a geocentric latitude ? 3 it is determined by the formula 
fg a (1 —- asin? q,). 


Calculation of the section of free flight is conducted according to encounter of the 
rocket with the surface of the earth, i.e., prior to h= 0. 
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The flying range and azimuth of the launch line to the impact point can be 
determined with the heip of geodesic tables, It 1s also possible to recommend the 
following method of approximation. The central angle 8 is calculated by the formula 


COsp = ema items Ue 1) re — Ye) Fo = 20) (Gn = 2) (16.25) 


(the index "rn" pertains to the impact point), and the flying range is determined by 
the approximate formula 


Los $72 g. (16 .26) 


The angular deviation of the impact point from the plane of aiming is calculated 
by the formula 


Ot. 38. (16.27) 


75 


Sa ae I ear neice EE er ne ee 


pet RABAT DLP ne cae 


Ae mt oe arin ROI Ce EN TRI 


PRESSMAN NEUERCENE TRINA ORISA A renee eb eer ent 
. 











prety 
“1 


Drm peg porte 


ne agar on mere 





aren natermtsntte ne — A a ee AST OE IF TRI ET A 


CHAPTER V 


THEORY OF FREE FLIGHT AT HIGH ALTITUDES 


§ 17. Absolute and Relative Motion 


Motion of the rocket on the section of free flight, on the assumption that 
the angle of attack all the time is equal to zero, occurs under the action of 
two forces: gravity and drag. If one were to examine the motion only at high 
altitudes where the drag is practically equal to zero, then gravity remains the 
only force subject to calculation in equations of motion. 


In this chapter again we will consider earth as a sphere, the field of gravity 


central, and the acceleration of gravity variable inversely proportional to the 
square of the distance from the center of earth: 


c=. 


It 1s found profitable to use the inertial system of coordinates O'x'y'z! 
(Fig. 17.1} moving forward, evenly and rectilinearly together with the center of 
the earth where we place the origin of coordinated G'. Equations of motion in 
such system have the form (§ 15) 


x 
2 a — = £. 
yu—Le. , (17.1) 
S x 
eum — +8. 


If we arrange the system O'x'y'z' in such a manner that at the initial moment 


“of motion the plane O'x'y' passes through the radius vector of rocket F and 


through the vector of absolute velocity v' (i.e., velocity in the system O'x'y'z! 
and not speed v relative to the terrestrial system), then we will have initial 
conditions 

var =0, (17.2) 


and the third equation (17.1) shows that equality (17.2) will be fulfilled during a 
the entire flight, i.e., the whole trajectory will lie in plane O'x'y'. 


SR AA A CT CE a abies 











Fig. 17.1 


Introducing in this plane the polar coordinates 
x’mxrcosy, y's rsinyg. 


and producing the same transformations in § 15, we obtain the equations, of motion 


7—rjta— 4, 


nt (17.3) 
Zz (774) == 0, 


coinciding with equations (15.26). Let us remember that equations (30 2) were 
obtained for the determination of the average flight trajectory (with different 
positions of the launch point and directions or firing) in the uninertial system 
of coordinates connected with earth, Hence teccmes clear the importance of the 
system (17.3) for calculation of both the absolute (in the system O'x'y'z'), and 
relative (in the terrestrial system Oxyz) motion of the rocket. 


But the importance of this system is not exhausted by the determination of 
the flight path at high altitudes. If the problem consists only in the determina- 
tion of flying range, then the system (17.3) can be used for the approximate 
calculation of the whole section of free flight, since the influence of drag of 
air on the form of the trajectory and on the full distance proves to be very small. 
It decreases with an increase in range and, consequently, the speed of flight. 


So that the problem of absolute motion of the rocket becomes defined, it is 
necessary to find initial conditions for this motion, assuming initial conditions 
for the relative motion of the rocket, 1.e., coordinates, of the rocket x, y , 


z , speed v_ and its direction determined angles 6 and oF in the terrestrial 
H 
system of coordinates Oxyz are well-known. 
Let us introduce one more inertial system O'x"y"z", rigidly joined with the 


system O'x'y'z', Let us dispose it in such a manner that at the initial moment 
of time (i.e., at the time tha the plane O'x"y" coincides with the plane of the 


equator and plane O'x"z" passes through “he origin O of the terrestrial system 
of coordinates (Fig. 17.1). We will call the initial point for the absolute motion 
point H. Then at the time t,, coordinates of this point x Ya? 20 will be 


connected with coordinates x ya? e by formulas 
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x, m= — x, sln@, cos C+(R+y,)cos¢, +2, sing. sing. 
yu x, sing + 2, cos yg, 


(17.4) 
= ¥, 60s ¢, cost + (R+ y sing, — z, cos¢, sing. 


Components of relative speed v_ about axes of the system O'x"v"2" are 
expressed in terms of hy Yqe and z, by analogous formas. Regarding the absolute 
velocity Vu, it is composed of the speed v, and velocity of following 

o_o 

aX rea x (xin + yiy + 202) a . 
oe e - 
am 0, (x59 — 522"), 

_Thus components of absolute velocity will be 





X2* Ay sing cost fy cosy, + =, Sing, sia —- ay? 
ve 2 ae 
Soe TS pS cus feo ef, 


(17.5) 
Eyes x, cosq cost +y, siag, — 2, cosy, sia ¢. 
where quantities x,, Fis z, are determined by the formulas (43.3): 
x, =y y, cos 8, 
a= 0, sin 9, (17.6) 


4, == — 9,0,. 


From quantities x", Yur 2 and x 


te Se zn it is easy to turn to geographic 
coordinates of point H. 


Tet us designate the Eeograpnic latitude of 
ot and longitude of launcr. point by Ao: 


“ 


point H by Poy? the longitude by 
Then along with formulas (17.4) we will 
have (Fig. 17.2} 


eae en eee 
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XL F008 ¢,, cos (3, — 2,). 
x= 7,084, sin(i., — L) 
“si rising... 


t 
t 
: 
i 
i 
i 


whence 


@0.— r= 75, 


ee. ee ee ee ee ee ee Eee oe 


” * cos(?, — 2, 
@a = = == ett, .! (17.7) 
x, +, +, 
Y a of of 2 
Fig. 17.2 = ty +4, +e, = cen ‘ 





Pinally, we designate by u the angle formed by the vector 


of absolute velocity 
. with the horizontal Plane at point H, and by ¥ 


» the absolute azimtnh, i.e., 
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the angle which the horizontal component cf absolute velocity will form with a 
direction to the north, Let us find components of absolute velocity in the 
direction of the meridian, parallels, and verticals, at point H, projecting 


directly on these directions vector va and separately its components i vi and = 
(see Fig. 27.2): 


TT AWE EN GRMN STERNER + HNN 


" 
# 


4% 9, COS O cosh! =m — 2° sin eq 605 (2, —~ 2.) 


| 
4 _ yisieg., sin(h., — 2.) + zoensq. 
| 
t 


Sree rere me BER oe 


© = 9, cos Of sing! me ; 
m— H2si9, — 29-4 Feo, — 2 
©, = 0, $10 0, we x2 cos ¢,,603(1., — 24) + 
+ y_cos@,, sinQ2., —2,)-+ ising, . 


(17.8) 


Hence it fe already easy to find Via a and vi by the formulas analogous to (17.7): 


¥ 
etn. 


i % 
Nye OF ae 8 ne 8 = 7° (17.9) 
ot oe Vetter 


*, V 0 +0: ey 
“Get ano OL +t, + 0. 


Formulas (17.4)-(17.9) determine initial conditions of the absolute motion of the 
i rocket on the section of free flight 





Results of 
integration will be directly applicable to absolute motion, but for relative 


motion they give only a mean trajectory for different direct 


; Our most immediate problem is tne integration of system (17.3). 
} launch points, 


fons of firing and 


§ 18, Integration of Equations of Motion 


We approach the integration of equations of motion of the rocket in a vacuuz 
which have the form 


r~ rgime— LE, (18.1) 
4 x 18.2 
gr (rn =9, ( } 


where (Fig. 18.4) r ~ the polar radius vector of the center of gravity of the 
rocket with respect to the center of earth; x ~ the angle between the radius vector P 
rand some axis passing through the center of earth and accepted as origin of the Po 
reading of the angles x; f ~ the gravitational constant; M ~ the mass of earth, 


SEG LSA a gZU RTE SRM IOC I Te RON tO emo en ae On 
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e 


Let us denote k = fM. As was already said in § 3, quantity k is equal te 


b =m 3.9962 . 1018 m?/s°. 
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Integrating equation (18,2), we obtain 


«33 
Na 
xe 


rane; 4 


(eB) om £3. 
1B mee, 


where Ve is the horizontal component of speed at a given point of the trajectory. 


Cesignating by $ the angle of inclination of the velocity vector to the local 
horizon, we obtain 


Let us write this expression thus: 


With this 


%, = vcos 6, 


where v is the speed along the trajectory, 





Fig. 18.4 
Then formula (18.3) will be thus copied: 


é, == recos 6. (18.4) 
Value cy will be determined from initial cunditions of the motion of the rocket 
€; == 7,9, 00s @,. (18.5) 


We copy equation (18.1) and (18.2) in such a form: 
7—re & 8.6 
f—rpus — (1 i. ) 
ar~+ r=. (18.7) 


Multiplying equaticn (18.6) by 2r, and equation (18.7) by 2x, and adding the results 
term by term, we get 
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Orr — Ore gt + erg + yy =~ 
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re . 
or 

to ee i %%p 5 
Mere fee bey 2a, (18.8) : 
Differentiating expression (15.20) for speed : 
@7 an £2 py? (18.9) 
we have ; 

A) 22 10 FE + TD. (18.16) 


Comparing expressions (18.8) and (18.10}, we find 
@{(v*} 3h de d (% 
= - ae a(F). 


" 


i.e., 


or 
(18.411) 


Tig relation is correct for eny moment of time, in particular, when t « t, 
we will obtain 





2% 
ee —~ (18.12) 


Froz equations (18.9) and (18.11) we have 
4g wt +o, 
ay at S—re. 


im Fi 


whence 


considering that 


eat a tone OAR Se an seh MOREE AT ie eT Bee Ba res 


and (from equation (18.3)) 


= € 
14. 
- de «  f oe 4 
ee a at>--6 ‘ é 


we will have 


whence 
. # 
aes dr. 18.43 
dz ad ( ) 
at. a 
| ae 
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Let us convert the denominator: 
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Let us show that the quantity under first radical is not negative: 
# 
ata oo 


Indeed, by inserting instead of ¢, and c, their expression (28.5) and (16.12), we 
will obtain 


a 
atged- Ft aay 
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+ fe, cos” &. 
& big, \7 
=(°.— oa +( Tea ) > 
2 
If v‘r # k or $ 0, then 
HH 8 x ? Er; a ‘ 
atz>% 
and we have the right to designate 
(2-2y 
ALS ace at, (14,15) 
atZ 
whence 
¢ a 
see 
= (18.46) 
_ re 1s 
Differentiating, we find 
(ieee (48.17) 





rt 
at 


a 3 


Considering expressions, (18.24), (18.15) and {18.17}, we reduce equation 
(218,13) to the form 


da 
eo pra 


Integration gives 5 


Z= srccos # + t3, 
or 


# == cos (z — ¢,)- (18.18) 
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Returning to the variable r, from expressions (18.16) and (18.18) we obtain 
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1. cos ty — ¢,) y +o a 
Lesignating fcr brevity tne comstants 
ey. 


{18.19) 


em YV/ lta (18.20) 


will find the equation of trajectory in the form 


= Tera (18.24) 


It fs known that this is the equation of conic section in polar coordinates where 
p is the parameter of the section, and is its eccentricity. 


Let us introduce angle (see Pig. 18.1) 
Sri — Le 
where Xy is the angle characterizing the position of tne initial radius vector 


t with respect to the axis accepted as the origin of reading of the angles, and 
8 1s the angle determining the position of the rocket at any moment of time 


relative to the initial radius vector. Consequently, 
X™Z+6 (18,22) 
Substituting the expression (18.22) in equation (18.21), we obtain 


(iat tEee (18.23) 


Let us designate A, as the angle correszyonding to the peak of the trajectory. 
At the peak of the trajectory (8 = a) ry has a maximum value. From (18.23) it 
follows that this can be only if 


605 (By T- 2a — 6) = — 1, 
lle., when 
By ty —~ ey ==. 
Hence we have Xe ~ 6, A — f,. (18,28) 


Inserting (18.24) in (18.23), we finally obtain the equation of the trajectory 


=e (18.25) 


Since the form of the trajectory is characterized by the eccentricity, lat us find 
the expression for e. Inserting into formula (18.20), instead of ¢, and Co» their 


values (18.4) and (18.41), we obtain 
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e= 


V i (*—2t Jeter costo 


2/1 +(4r- 5) cos? 








Introducing the new value 





! ve, (18.26) 
we find 
e= W1T--2—vvecos'’ 6. (18.27) 
From initial data we have 
ae (18.28) 
. VF ;° ° ; 
ex V1--(2—\,)v, cos? 0, (18.295} 


Formula (18.29) shows that the trajectory will be 
elliptic when ve < 2, since e < 1; 
parabolic when y = 2, since e = 1; 
hyperbolic when vy > 2, since e > 1. 


Thus the trajectory of the rocket in its absolute motion with respect to earth 
is a conic section one of the focuses of which is in the center of earth, 


For a long time parabolic and hyperbolic trajectories, departing into infinity, 
were practical. Yor this reason the theory of motion of bodies in a vacuum under 
the action of the attraction of earth obtained in ballistics the name_elliptic 


theory. 


Subsequently we will examine only elliptic trajectories and use designations 
shown in Fig. 18.2; F — center of earth which is one of the focuses of the ellipse; 
: O — launch; H — initial point of elliptic section of the trajectory; © — impact 
i point of the rocket; te and y — coordinates of initial point with respect to the 


launch point; r| —~ radius vector of initial point with respect to center of earth; 
i Yn — speed at initial point; * — angle of inclination of velocity vector at the 
initial point to the horizon; R = Yo — radius of earth (radius vector of impact 


1 point); B — peak of the trajectory; 65 — central angle corresponding to powered 
flignt trajectory; b> — central angle corresponding to section of free flight; 


e. ~ central angle determining position of peak of trajectory relative to the 
initial radius vector. 


We will consider that angle 6 and the initial radius vector th (or the initial 
altitude a = r - RK) are known, since they are easily determined from the @ssigned 
coordinates x and y of the initial point with respect to the launch place. 
Actually, from Fig. 18.2 we have 


tgd = 7° 3 
Co REI (18.30) 
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i and 
R+ye _ _* 
. la= aah = nd (18.31) 
For a solution of the practical problems the whole section of free flight will 
: be taken as elliptic, including with respect ta the little atmosphere the section 


during approach to the target. This will not introduce 
great error in the determination of the distance, 

since great drag of air on the atmospheric section 
almost does not change the elliptic form of the 
trajectory. It has considerable influence only on 

the speed and time of motion of the rocket. 


Let us agree by flying range to mean the length 
cf the arc on the surface of earth, Then full flying 
renge from launch to the target wiii be equal to 


L=wl, +h, 
where te — distance of powered section; 2 


distance of section of free flight. Subsequently we 
will consider that the distance of the powered 
section is already defined by the formula i = RS, 


where 6 is from equation (18.30). 


§ 19. Applications of Elliptic Theory 


Let us enumerate six practically important 
problems: 





Fig. 18.2 1. To find distance from the assigned to speed, 
altitude and angle at the initial point, 


2. From the assigned distance, alvitude and angie find the necessary speed. * 


} 3. Prom the assigned distance and altitude find the optimum angle requiring 
i the minimum speed, ; 


: 4, From the assigned speed and altitude find the optimum angle providing the 
f ultimate range, 


5. To determine the change in distance depending upon small increases in 
altitude, speed and angle at the time of the turning off of the engine, 


6. To determine parameters of motion about the trajectcry. 
Let us turn to detailed examination of the enumerated problems. 


i. From the assigned to speed vO altitude he and angle -3 to find distance 


| L. 

| From equation (18.25) we have 

os 4 ‘ 

| cos (,—f) == (1— £). (19.1) 
. Using relations (18.), (18.26) and (18.19), obtain 

peo == wr cos? 0, (19.2) 
| in particular, = 
P=v,f, cos? 0,. (19.3) 
| & 
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We substitute (19.1) by (19.2): 
cos G, — p) = + (1 — veost 4). (19.4) 
It is obvious that 


sin (fi, — fi) a= J —cost(f,—B} =e Yt — ay (l ~ vicns?d)? = 


Considering expression (18,27), we will have 


sin (fh, — fi) SY1— Teco TF coro — 1 pave h— ears, 
1.e., ; 1 
sin (B, — p) == > vsind cos 0. (29,5) 
With extraction of the root there is preserved only the plus sign, since on 
the ascenting phase 8 < 8, and $> 0, and on descending B > 8. and #< 0, i,e., 
sin (6, ~ B) and sin $ always have identical signs, 


When 8B = © we obtain 


cos fi, = ta — v, cos? 6. (19.6) 


sia A, == + ¥, sin 0, cos oe (19.7) 


Let us present expression (19,1) in the following form: 
i 
cos f, cosB + sing, sing =~ (I — 4). 


Substituting instead of cos 8. sin 8, and p their expressions (19.6), (19.7) and 
(19.3), we will find 


(i — v, cos? 8.) cos fi + v, sin d, cos 0, sinf = 
Safa sos’ ts (19.8) 


Expressing sin @ and cos 6 in terms of tg § according to formulas 


8 
2¢4 
sing = £ e 
t+? > 
pees 


and multiplying beth sides of the equation by 1 + tg” § we have 


(1 — vgcost 8)(1 — tg? §). 2v,sin 0, cos, ty § = 
eer) 





' 
| 
7 
| 
i 
We obtained the quadratic equation with respect to te 8 : Let us site in it similar 
members 
Vuln COS" ©, 2f i 
(2s. costo, — “He te) sgt — 
. * @, 
~ 2v, sin @, cos 0, ty & $ v,c187, — eS Ss as 0, t 
or i 


Fr. Uy + r)y, cos? o) it ~ 
-— Wy sind, cos O, tg £ — (rh, 7) ¥, 6037 8, =: 0. 
Dividing by coss ,, we obtain : ; 
far hb 62 0) — Cra tr) vad 2? f = 
= Oayh ty Oy tg & — (ry — ey 0. (49.9) 


This equation, connecting the current values r and 6 with initial values n° 
ve dye essentially coincides with equation (18.25), but in form is considerably 


more convenient since the initial values enter into it in evident form, With its 


help it is easy to solve the majority of applied problems of elliptic theory set 
above. 


We will designate for brevity the coefficients of this equation by 


a = 2r(1 + Ig? 8.) —- (ra + 7% (19.10) 
b=vye tg 6, (19.11) 
e=y(r, — 7). (19,12) 
The equation will take the form of 
} atgtt — wih co, 


Solving this equetion with respect to tg g, we find 


gf tsVEre (19.13) 


where the minus sign corresponds to angles 8 of the ascending phase. 


Consequently, to obtain the distance of the whole elliptic section it is 


necessary to assume r = R and in formula (19.13) to take the plus sign. Then we 
will obtain 


ame aera tn ala POL AESIECIATTS TO ORPN ORR ROR LID TRTE LOS SAT LTT OE EE ae ASS S 
ae : . - 


8 yFiw 
eof a thite (19.14) 


: beg = RB ¢- 


Thus we have the following diagram of calculation of distance: 
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a= 2R(! + tg?0,) — (r, + R)y,, 
b= v,R ty 6,, - 
¢=4,07,—HVH=ovAy 


Bo b+ VP Ta 
‘fe 


ben = Rb 
b=h-the 


For the particular case r = r, we have 8 = B, and from equations (19,10)-(19,12) 
@ =: 27, (1 tg76,—v). b= yrigd,. cmd. 


Consequently, from equation (19.13) we obtain 


&@ 
i.¢., ef=en==, 
top, = Sats Oa : 
a TH ig 6. (19.15) 
ime QR. . 


2. To find the necessary speed Ve from the assigned distance L, angle nn 
altitude h. 
From formula (18,28) we have 


ny. (19.16) 


Consequently, it is necessary to find Vis which can be done by the following 
two methods: 


First method. From equation (19.9) we have 


fete? $ + 2r gO te $+7.— jus 
am Orig? § (1+ te? Oy: 


hence 


te Bt og 


Y= + 
otnig ht arizote Sar ae (19.17) 
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When r = R and 6 = 6, we obtain 


c 
aig? fe (+70) 
Me be ee We 
. (a+ Ae F 4 Tig ate -+r,—8 
: Second method. From (19.8) we have (when r= r, and 3 = 85) 


Fo c0s Be — Fe cosh, cos? O,- vt 
+ rosin, sind, cos0, -v, + 7, C0879, - = Fe, 


Le. 
gs , Fo (h —<os BR) . 
"e080, (7, 608 OL — 4, COs Be Cos OL 7, Minh, ie) 
B ‘fin 
af 
ie Cos BoE — Os) us OL ere aah, Say 


i 
=F 77, = be CY Euan ek), 
fe Sab, 


cos 0.( cos 0, -F stn 3g 


On Fig. 18.2 we draw segments HC and CK perpendicular to HF, Designating by 
® angle FHC, we will have 
| CX r, ting 
Gem a7= 7,5, 60s,” (19,28) 
Considering (19.18), we get 
1 
—— 8d. ck 
cos ta ( TES + sin 2) 
sae 
os 8, (cos 0, cos o + sin 0, sine) 


Va ST 


rol” wl 


= 


and, finally, 


wat F mie eaty’ (19.19) 
Thus we have the following two diagram of the calculation of speed, The 
first diagram of calculation: 
: fic =+3* ° 
: - OR (I +1g? 0 igt SE 
| Gat ee +R igh Ete R 
' O, = :* 


‘ The second diagram of calculation: 
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i eS 
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In @ particular case, if r= r, and 8/2 = Bo then from equation (19.17) we 


obtain 
Ye apes: eh 
wAt+ye, 7 
3, To find from the assigned distance L and altitude hy, the optimum angle 


4, ont requiring the minimum speed Vemin* 


Prom equation (19.16) we heve 


Sun = / Sam. (19.20) 





% 

bed Consequently, i* is necessary to fine ¥,.,,. This can be done by two methods. 
Fo: 
Bs) | First method. Let us differentiate expression (19.9), examiningy’, as the 

t 
; . implicit function from tg $,, and let us equate to zero We Considering 
E i r= r, and 6 = 6,, we will obtain 
= 
- Pretanan We — Arete? $6 gO, a 8, 
. : : i.e. s 
oe p, 
_ | Vata ™ 25 Ff 16 Os oe (19.24) 
_ | Solving jointly equations (19.9) and (19.21, we will find 
= ee, ; 
pa (vai-rots:§ 271 Ogeas SS tree] tts te Oy = 
Po ‘ A ‘ 
a | 33 re tg $F (1 + 12? Oy cards 
Dad or p qs 
Poo 
frat fo) 83° fet ry —re]ts Decor Pe 1S >a — 13° Oy cash 
7 ee wheat can be rewritten in the form 
; re 
: or nby => 
: 219 0, e's 2 
: iy 28, one = ewes ST fe - {19.22} 
(etl olF 2 +4, —%, 
: Calculation of the angle + jae is considerably simplified if one were to 
introduce the angle 
: i 
8 
i ext Oe oF (19.23) 
: ! Then we will find: 
{ : 

| : | 
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Finally: 
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f 
© Poe 4 
= one (19.24) 


eine mere eres 


i and from equation (19.23) we have 


Pn =z ~*). 


Knowing § _,,. from formulas (19.24) and (19.20) we find ¥ min 2% 


(19.25) 


v 
H min’ 


: Second method, From equation (19.19) we obtain; 
ic sing 
vas 2ig x fuse + cos Qty — ap” (19.26) 


LAI cea NTA at one cara a Mle ym wm 


i, ee 


As can te seen from formula (19.18), the value of angle o does not depend on $y 
end therefore ¥, will be least when cos (24, -w) = 1, i.e., under the cciaabics 


20, car = @ (19. 27} 


Using equation (49,18), we obtain 


seein Phere fener at: mie Oo 


5 ¢,sinB 
; tu 26 
= a * {19.28} 


When cos (2%, - ©) = 1, from oe (19.26) we have 


sine 8 e 
2 ——— == vr 
Venta = 2g AE 2 tefl Eley. 
: Considering relation (19.27), we will finally have 
: -# 
Vata == 215 1S Oo (19.29) 


and by formula (19.20) we find X min? 
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P=3 = . eae 





ae 


' 


RATER RENT AOR TT Fe" 





PERRIN a 


ET RATER OU memes 





wwe ee coe ee IE RE ae 


a. we have the following two diagram of calculation sy ont and min {when 
¥o - R, 
The first diagram of calculation: 


Am ez. . 


Wa wie 21 EE Osea 


Vu ata = ¥ ee 


The second diagram of calculation: 


Lt, 
Be = HZ, 
Rup 
tg 20, a = 7a Rees Fr 
Vo uta —_ 2tg Fe tg ©, ease 
Ca mba == a a 


In the particular case when r, = r, and ge 8,» from forma (19.2%) we have 
tga eu, 1,e., € = 90°, Consequently, from equation (19.25) we obtain 


6 > 8B 
Ve war 2 45? — m= 45 -- (19.30) 
&. To find from the assigned speed Vy and altitude h, the optimum angle $, .7.; 
providing the maximum range L,.,. 


Differentiating expression (19.9), considering tg 8 of the implicit function 
from tg +. and equating the derivative Jizh to zero, we will obtain {when r = To 





digo, 
§ ax m: 
Brg HBP AS PE «21g Oy way — Der tg AE = 0, 
i. °? 
e 7 z 
% we Tees (19.31) 


Solving jointly the equations 419.9) and (16.31), we will find 


% 
Pre (te? Oren) — rat COM gare 
— eC Ove Tighe Me —Fe)v, =O, 
or 
Breve + 2re_ Ee, oe “(ot tc)“ Pd 
— Gre OO, cay — (a — Fe) 4 tg? 0, ae, oe 0. 








on 
* 
St] 
. 
. 


LVS e+ Ara «DME Oe eee Me - LT fe)¥,]. 


Consequently, 


‘% {7 =. {", - ‘3 +1 


3 = 
£27 8, ces Bp FI 


(29.32) 
Thus the given prcblem can be solved by the following diagram (when Tr? R}: 


ws 
é e 
fiw RCT, 

Om VF Were 

f m2 ‘, 
ey = gia 

by eas = Bea 

Lass = be + Gs wae: 





¥, == 


For the particular case Ty = %o 


tg Snc0e= Viv, (49.33) 


from equation (19.32) we have 


5. Determining the change in distance L depending upon small changes of 
altitude he speed V,, and angle Sue 


Obviously, it is necessary to find derivatives 
a om, 
= ~ oe a: 
We will use equation (19.9), and namely, 
2 8, 
Ire + ig? 0) atria Ff — 
— Pure tg 0,02 56 ~ (Fr, —~ Fe}, = 0. 
In common form this equation will be thus recorded: 


Fire Ya Og. fic) = 2. 


Let us differentiate: 


oP a wr ar 
Be eR Me te Oat Gp Bem O (19.34) 
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a eee teniare map tceeibenana unin mes mectentcentenana rma time 


Inaseuch as ve Sependa on oe ans ‘ 


ware f (0, 7). 
then 2 
a 
dy, rz oi dr, + we dv. 





w 
eo et Fy =-—, 
coe? =. 
But from equation (419.17) we have 


6, 8, 
(tat fe) 88 -F 4- ets OES tere = 


a 


-Consequently, 





of 2r. 
Fag FEF 00 tg fe 


: (49.35) 
: Substituting (19.35) into (19.38), we obtain : 
S at 

: q or oF 

’ (a + FH) ret oe oe ae, + ei tOe Fags Be =O. 

a 

. { Hence 

: i oF é <# ee 

‘ 3 = oF ie 4 x 

: i dip — ye (3-1 2 _— x Lf) ar.— eer dz, roe a, 

| a a Fe 

| and, consequently, 

; 

L oF | oF of Z 
| w=-(F+ a, mae ae Oe) 
al as, oe er of = 19.37 
: eS ee: ee 
By or , ar 

| a, aa: (19.38) 
We find derivatives 

} 


wr 6, 
Be HIE ~ 27 10,10 - Ge 2. 


ei Hig? Oy tte 


‘s 








- Se a wa pe EF SE Py 


‘ 
4 
® 
* 
V 
¥ 
i 
i 
é 
eo wy 4 
since “e+ —po. then : 
‘ 
“ “a i 
Stet ces So ee 
a Ce 


Purther, 


p, 
ar = PF (8+ 2 (rh $ —-¢,f, tg 8, 
oS ; 


oF 





But from equation (19.9) we have 


Pre (t + gt 8.) — (+r) sl fe —~— Fc gO, 


8.4 
° = tem let fete Ot $F . 
; le 


- og 8 
vo “aba et relate f) 
Ae * 


tg Ber BE 


Se eee aaa ee_mmnsticaninaniemiolianaienenanmimaniaaaieiunemmmammntanesenes mamas 


Consequently, 


seman ecananeeates + 


and, finally, 


A 

a ty LE 
ee (at Seno = 
a, os ape 


- 


Inserting the found derivative into espressians (19.36)-{19.38), we wili obtain: 


4 sein Ga ME RSD - Shr Hee 
oer ree 18 Ba Oat eth e RARE EGAN SPR tite ne APO Eline mt NTO 
oe 





f. .§ i 
te cos? —— , 
Be ey at ' ; 
wv, > te trd ) ae 
— “aa Tle e's ay, oo 
. is 
x a“ 42261? Fe 7 ty? 6) | <= ; 
cor? . : 
2 ; ; a 
?r, B, ey 
«t+ == {2 $tg? 02 sin? “¥ Be 
= 2 ty . (19.39) 2 
key 
walee ee Heete e129 
i 
i | 
| 
; = 
i. 
i 
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i 
i 
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; 
BE ee : 
Wee ceicznamenen = + = enna oe, UA YAP SONAR TT TTC 
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AE MRA oh anes ab  eale et ae vee 


omnes never mE AO 


TSce pies Menimmcete niente SokN ds ely 


eee ont sentient meaty ooomeee 


Ler a a ees Aare y 


3 rele fe +4177 0,)te re cost My 
=e — 


ooo ee 
“ Z (-, tote et tg F)% 








5 
a, (i -+pigtay ria? FE ag $ 


= . 





‘ (19,40) 


wl fe +r clef) . 


e's €(y, po teip eee Foe 
cos? ov syle let letgd om 


wa 


_ Zell ti ty(s,— 210,12) ant ’ 
alamret rune) (19.41) 


( Thus ae the solution of the given problem we nave the following formulas 
when T>™ R 


a” tate 0.) sin? SE Cg Fe 
ey 
: ea 


ey ae Ue sot SE tg * 
a ST Ey (19,42) 
wu (ra ~ 4 Rte ug SE) 





at igtoa(e,—21¢0 tg fe c) sine Se Fe 


BE = 2 


‘n re R$ Rigeaty <E) 


In the perticular case To = 0, from equations (19.39)-(19412) we easily obtain 
the following formulas: 


vet stat So 014 sete 
WS aig 0, e 








tae POO 
‘ sUy ig Oy 


G.-rened a reeiare 
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6, Determining parameters of motion h, v, $, t at any point of the trajectory 
determined by the central angle 6. 


a) Altitude of flight above the surface of earth at any point of the 
trajectory is equal to 


a&exr ~— 2. 


For the determination of r we have expression (18,25): 


i T—Zc0s Ff, —B} ; 


with this we find p and e by the formulas (19.3) and (16.29), namely, 
por, cos? 0, 
eu [TH Poa 

The value of 6. will be found from equations (149.5) and (419.7): 


vy sind, cos By Vn it Ay 
tg $, we FL =~ EF 
I --v, cus" a, t+? 





Tho following form us are also useful, From (18.11) we obtain 


u'r — 2k 
e3 == ——~— 


¥ 
whence, taking into account designation (18.26), 


Bs Sg 
ft oy V2 


f 


. 


On the other hand, from (18.19) and (18,206) it follows: 


€; = ef — 
rt e° 
Hence we obtain: 
r 
tov ts (19.43) 
in particular, 
yo “TS (39.48) 


Formula (19.43) permits easily expressing any of the quantities r, v, p, e in terms 
of the three others. 


From (18.25) we obtain 


1— ecos(8,—f) = 4 
and, or the basis of (19.43), 
1~e<0s@,— p= 5—£, (19.45) 
whence 
1t+ea—e 


cos (8, -- f= ty" 


12 —p) +o 
18 (19.46). 


w 
=H 


SEA NA A Ma MR chin ne Ne 


Smt ern tates Se NR Ot MRC Ue EARN DECEMERRARTN EER AE TDD meme Nt 














gS FADD TSM EF EE 





- 
[ 
P 
b 
y 
F 
I 
F 
[ 
E 


ATTA FTE RAO TIES aio OTE A AY La TIS CURT ATE WPI E SE ATH 





(ARERR RnR Cente Li ONLI NE NOONE LEME ARR Norm ry on = 


ce ee RT OE TT eT “ 


ae ATS ARR Pe 


b) Speed of flight at any point of the trajectory can be found if one uses 


formula (18.26): 
=F. 


If one were to express ¥ in terms of r with the help of formula (19.43), then we 
will obtain 


omy t(F—-55). 


which it 16 possible with the help of formulas (19.44) and (18.28) to write in the 


form 
y ‘ 1 I 


Tt 18 possivle also on the basis of formulas (18.25) and (19.46) to obtain for 
speed v the expression directly in terms of angle 6B: 





ver = (1 ~ 2ec08 6,—-8)-+). 


¢) We find the angle of inclination of the velocity vector to the local horizon 
4, noticing that on the basis of formulas (19.5) and (19.4) 


vsin.@ cos 9 = esin(f, ~— f), 
woos? 0 = 1 — ecos (6, — p), 


whence 


Om eT (19.48) 


From relation (19.2) we obtain another simple formula: 


cortex yf =. (19.49) 


(18 $ Time of flight to any point of the trajectory is determined from equation 
18,3): 
ABme, 


Dividing the variables and integrating, we will obtain 


3 
* Se 
From equation (18,22) 


X=. +6 
dy= df. 


Considering aleo (18.25), we will have 


tof | paae=ar (19.50) 


oe ere scape RR RARE HOA A RR, Ee TE 


Same + 


Gach Ne UNE RB 


We accomplish integration in the following way. Let us introduce the new 
variable x connected with 6 by the relation 


cos x 


: e+ 
cosif, —8)= Tama (19.51) 
Differentiating, we obtain 


sin, — 8) 4B = a $2603 x) (— sinc} —(e - ens NEFA) oe oe 


(L 4-2 cos. 
(i—e)) stax 


For the elimination of sin (6, ~ 8) let us use relation (19.54}: 
2 Otwiesxtbecostx  i—e (i —cos? 
sist, — Bt — 6 ae W+ecosay 


sie, —f) = + Vine ues nee (19.53) 


2 emg A Magee TR EMA AAT, PRR AW ARS eer a 


whence 


So that the connection between 6 and x is single-valued, let us dwell in formula 
(19.53) on one of the signs, namely, on the minus sign; then from relations (19.52) 
and (19.53) we will obtain 

yt—2 


O— TE cce (19.54) 
Further from expression (19.51) we find 


le 


Im 6c0s@. = B= Tr casa (19.55) 


which permits recording the integral (19.50) in the form 


conan ae ee 8 int PRN RIE EET ROOD AAO RI AP LAER Sm Sn to re Net 


* 
(U--ecsxsp Pi—# a 
t= & J “Wat” Tease = 
- % 


e 
a 





e, (1 — et)*? it 


FP __ iv +esinx) . (19.56) 
i 


Relation (19.53) (taking into account the selected sign) and (19.55) give | 


5 VI—? sinh, —f s 
sine [4c : 


Comparing this formula with formula (19.48), we obtain 


taxa — VIE tge. (19.57) 


e 


9G 


USN tm = reer conmeeermee er ~~ ~- == waar SSRIS a =~ ner erent remanent 


ze , f : 
= Tae (econ spares 





ee ne RE FO 






Prom @ comparison of formulas (19.45) and (19.55) we also find 


2—vee i + ¢C0s x, 


whence 
t—v 





cog £ =z 


. 


On the basis of the obtained formulas it is possible to write: 


— cco =? on the ascending phase of trajectory, 


tu 
srecos 2 on descending phase, 9-20) 


Let us substitute expression (19.57) for sin x into formula (19.56): 
tun —~ PI— e— t— 0_}=s 
anne Vi-seg ary etg 0) 
a. (Fat _ 1g 8 0). 
ina (pres ~ Fo+%) 


A constent coefficient in this formula it is possible by using formula (18.19) and 
also to transform (19.44) and (19.2) to the form 


Paty COS De 


ot 
aia = ea VF f= ne-w" 


so that we finally obtain: 
om ? 2 cae ie -- = 
oe } i= vane tz) 


ee Of os 
t%;, (2 —t,) (y2 ef-s +sind,— cos 6 stg), (19.59) 


where x and x, are determined by the formila (19.58). For the most widespread 


case when the initial point of the section of free flight 1s located on the 
ascending and the final point on the descending phase of the trajectory, we obtain 





tien Biase paues 


| | ‘ae | 
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: t— 
Sy (a ae ee aie, hee), (19.60) 
“TA ¥yt-é ° 


Thus we have the following diagram of calculation for the determination of 
parameters of the trajectory at any point of it assigned by the central angle B: 


Dae | 
vate te 
» tte a 
O<A& <3 wn 0,50. — 2 <6, <0 ws 0, <0; 
5- - pwr,y,cos*d,; - 
9 em VI-Q—v) yc 


tn sen aaa 


pee 
QO 
©) 


2 emrenmene mmr A aa leet Ra irre s ~ aed aoe - | tn a 





TR RE PT PT RT 


abies waeeaeemenig ses 


a 





6) cos x, =, sign of sin x, is opposite to sign of sin § ; 


6 el 


?) hone —R; 
8) yu? —L0-"), 


e 
> -VF. 


10) cost yf z, ‘sign of sin # coincides with the sign of sin (6, - 6); 
i—vw 
é 





Ek) cos x == » Bign of sin x is opposite to sign of sin (8, ~ B): 


12) eV EES + tg 0,— bs 0). 


Particular Case 1, Parameters of motion at the peak of the trajectory. 
Altitude at the peak Is determined thus: 


4,=7,-—-R, 
(subscript “s“ correspends to peak of trajectory). 
When 8 = B. from equation (18.25) we obtain 
tym g he 
Considering (19.44), we will find 


= ry l+e. (19.61) 


The angle of inclination of the tangent in the peak of the trajectory is equal to 
zero, 


To determine the speed at the peak from equations (18.4) and (18.5) we have 


0, Cos 9, = 7,0, c0s 0,; 
since - z OQ, then 
, a: etc ta 
7. 
Considering equation (19.61), we will obtain 
{2 —v,) t, cos 8, 
64s (19.62) 
Further from expression (19.46) it follows 
vem ie, 
and from formulas (19.58) we obtain 
== 0. 
Inserting this value into formula (19.59) and considering that # = 0, we will 


B 
obtain the following expression for the time of flight up to the peak of the 
trajectory: 
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i ——rts__ fsin , — —--. ) 
—vQ—-.)* Veoa= =v (19.63) 
Particular Case 2, Vertical launching. For this case we find the maximum 
altitude and tike of flight up to the peak. Since with verticml launching $, = 7/2, 


then See 
ex YI—(— vv, O=1. 


| 
i 


Consequently, from equation (19.61) we obtain 


?, 
las Fa ar | (19.64) 


Ag et laa. 


' 


EO TEE PY, SB TCR 


| 


te | whew vabuabes |, 


where subscript “zs, n“ corresponds to the case of vertical launching. 


We find the time of flight up to the peak from equation (19.63), considering 
eo w/2 and considering formula (19.58): 


ao — rate arccos (I —v,)' 3 
fae aw (1+ V¥Q—*)*s ): pe 


2 IAC TET RY ST TT AIG STIS PNG TPS PF 
: : Tee 
: ui oe 


or, in another form, 


F; 
em sata (e+ pac ances (1 —v)). 
Fig. 19.1, 19.2, and 19.3 depict the families of characteristic flight 
paths of the rocket. Trajectories on Fig. 19.1 are obtaineo -t a constant initial 
speed but at different angles of departure s - Fig. 19.2 shows the trajectories 
obtained at an optimum angle of departure for different v < 1. Fig. 19,3 depicts 
trajectories at ¥ > 1 and & = 0. H 
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if 
f 
i 
‘ 
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as 
Fig. 19.1 Fig. 19.2 
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§ 2c, Return to Relative Motion 


The formulas obtained above permit solving the problem about the absolute 
motion of the rocket. In examining the relative motion these formulas are useful 
only for the determination of the mean trajectory, from which deviations to various 
sides are possible due to the rotation of earth. But in many cases absolute motion 
1s interesting not by itcelr, dut by the fact that from {it it is possible to turn 
to the relative motion, considering, along with the motion of the rocket, the 
rotation of earth. 


By knowing the geographic coordinates of the initial point of free flight 


e. and rs absolute azimuth ¥ and the central angle passed by the rocket in 


H 
absolute motion 6&', it is easy to find the geographic coordinates @' and A' of 


point P, on the assumption that earth is motionleas, by the formulas of sines 
and cosines of spheric trigonometry + (Fig. 20.1): 


cos (90 — 9.) = 

am cos (20° — ¢,,) ¢03 p’ + sin(90° — ¢_,) simp’ cosy, 
we Sing; = sing, cosp’ +-cosq,, sinf’ coz y,, (20.4) 
and e , ; 


=————-, 


anf’ cos 4, 
whence 
sin f' sia y, 


sin (2! — 2,,) == , (20.2) 





‘the basic formulas of spheric trigonometry are derived in the following way. 
Let us consider on a sphere unit radius with tre center at point O the triangle 
AABC, formed by arcs of great circles (Fig. 20.2). Let us construct an auxiliary 
system of coordinates Oxyz, directing the axis Ox about the radius 0A and 
combining plane Oxy with the plane OAB. adil vectors of points A, B, ¢ will 
have in the system Oxyz these components: 
GA (1, 0, %, 
OB (cose, sinc, O}, 
_ OC (os 5, sin bcos A, sing sia Ap: 
Calculating the scalar product of unit vectors OB and OC, we will cbtain 


£05 @ == cos b cose -}-sin b sinc cos A 
This formula is called the formula of cosines, 


Let us calculate the mixed product of the three vectors OA, OB, and OC; 
i e e 
,0A-(OB8 xX TC) =i cose = sinc ° am sin b sinc stn A. 
cosh stnbcos A sindsind 


From considerations of symmetry it is possible to write two other expressions: 
OA. (OB x OC) = sina sine sin B = sing sin} sia C. 

Dividing by (sin a sin & sinc), we obtain the formula of sines — 

eA siaB sinc 

aa” “sad ~ sae” 
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Fig. 20.1 Fig. 20.2 


We consider now that earth revolves simultaneously with the motion of the 
rocket, As & result of this rotation the point with the geographic ccordinates 
@ and AQ wiil depart in parallel on angle a,t — (where t is the time of flight 


from the initial point) in the direction of the rotaion of earth, i.e., eastward. 
Consequently, under rocket ace the same radius with it) will be the point with the 
same latitude 9, = 9, but with the longitude A = At - @,t. Thus the geographic 


coordinates of the rocket in relative motion can be defined by formulas 








sing, = sing, cos®’ + cos¢,, sin fp’ cos #., (20.3) 
sin’ sin y, 
sia). — 2, + A) =—aag (20.4) 


By the geographic coordinates it is easy to find the central angle 6 passed 
by the rocket in relative motions and the angle Vy formed by the plane of meridian 


with the plane passing through the center of earth, point H, and the rocket: 


cos fi = sing, sin f, ~} cose, cosy, cos(% ~— 2,1, (20.5) 
: p. —— 3! 
siny, = Se {20.5} 


The atsolute azimuth at point P will be determined from the formule 


£08 ¢;, 18%, 
sia = cot, : (20.7) 


Having values v*, $' and ¥' for absolute motion at a fixed point, the 
geographic coordinates of which @, and \ are calculated by the formulas (20.3} and 


(20.4), according to formulas similar to (17.8) and (17.9) we can determine the 
parometers v, $ and ¥ relative to the motion for this point in the terrestrial 
systes of coordinates, taking into account that 


ool. : 
0, SO, — Op COS He 


= uy 
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CHAPTER VI 
METHODS OF DESIGN CALCULATION OF FLYING CHARACTERISTICS 


§ 21, Classification of Ballistic Calculations 


At different stages of the development of new models of long-range guided 
rockets ballistics has before it different problems in accordance with which all 
ballistic calculations can be classified. 


In the beginning of sketch designing there are conducted ths so-called design 
calculations, having as their purpose the determination of limits of values of 
basic design parameters of a rocket according to assigned operational requirements 
(OR} and the selection of the most advantageous values of these parameters taking 
into account all real conditions. These parameters are subsequently initial in 
the designing of the rocket (design, selection of power scheme of the rocket, etc.}, 


Depending upon the assigned requirements with the design calculations designs : 
there can be encountered the most various problems, but most frequently the prodlem t 
appears by definition of basic design parameters of the rocket corresponding te : 
the greatest sighting range, payload weight and accuracy of hit assigned the OR. ; 
Ita solution, as a rule, is accowpanied by an investigation of the influence of : 
different parameters on fiying-technical characteristics, : 


Thus the method of design ballistic calculations should allow, not resorting : 
to cumbersome calculations and mumerical integration, a rapid determination of } 
flying characteristics of the rocket according to its design parameters and, 
inversely, according to the assigned flying-tactical characteristics the design 
parameters of the rocket. 


This method should also allow estimation of the influence of a change in the 
basic design parameters on flying-tactical characteristics of the rocket in >order 
to enable the selection of the most advantageous combination of these paramecers. 
The accuracy of design ballistic calculations has presented to it nonrigid 
requirements, An accuracy of 2-5% in the direction cf a decrease in flying i 
characteristica ia fully established by project originators. ! 


In conclusion of the sketch designing there is conducted a checking and design 
ballistic calculation whose purpose is a more precise definition of flying-tactical 
enaracteristics of the rocket with parameters of the rocket obtained as a ~esult of 
sketch designing, and s check of their conformity to the sssigned cperaticnal 


requirements. a 


As a result of this calculation in the first approximation of the form of the 
trajectory of the powered section should be selected, and basic initial data 
necessary for calculations of construction for strength (extrenal loads) and initial 
data necessary for calculations of the stability of flight and development of control 


106 


Ee ee re eters ean : é oon = = | eee cer eeni rer ERROR 





“WAipment should be determined. 


With these samc calculations an estimate should be produced of the accuracy 
.t the hit with the selected principles of control, and there should be produced 
sequirements Cyr control equipment and propulsion system, wnich mr3t be observed 
rer the execution of GR according to the accuracy of hitting. 


In the precess of furtner designing of a rocket and the manufacture of 
experimental mod2ls there are produced more precise definitions of check calculations 
acoording to the more precise definition of initial data. Both in design and check 
bailistic calcuiaticns the infiuence of the rotation of the eartn is not considered, 
since project originators and designers are interested in the mean value of flying 
characteristics of the rocket, 


Prior to the moment of plant flight tests of the first experimental models of 
iong-range reckets there should be complied preliminary tables of firing containing 
in the first approximation the dependences or sighting date of rockets from the 
distance of firing (fcr defined courdinates of the place of launch and direction 
of firing corresponding to the selected proving e@rsund), 


These tables are complied for the whole assignet WR of the firing range on 
the basis of definitized ballistic calculations, taking into account peculiarities 
of the control system and the use of definitized initial daca, obtained by calculation 
and experimental means (actual weight of construction and position of the center of 
gravity, experimental aerodynamic properties, test engine parformance, experimental 


parameters of control equipment, etc.}). At the same stage calculation of dispersion 
is produced, 


The wext stage of ballistic calculations is the compilation of tables of 
sighting firing according tc data of experimental and special shootings. The basic 
requirement for the calculation of tables of signting firing is the increase in 
aceuracy of calculations up to such a degree that there be removed systematic 
diveragences between calculation data and data of firings at any distances and 
under conditions of firing. 


Methods of the design calculation of flying characteristis cf rocket expounded 
in this chapter are applied in the first stage of sketch designing, i.e., for the 
purpose of determination, as was indicated above, of limits of values of basic 
design parameters of the rocket. 


Proceeding from tze reduced requirements for the accuracy of such calculations, 


we will examine some of the possible diagrams cf constructicn of the approximation 
method, 


§ 22. Approximation Method of the Determination of Speed 


in § 19 it was shown that the full fiying range is determined by four kinematic 
parameters at the time of the turning off of the engine, for example, speed, angie 
of its inclination to the liccal horizon, altitude and distance from the point of 
launch, i.e., 


L= f(o,, O,. &,. £). ° (22.1) 


becisive among these parameters is the speed at the end of the powered section. 
The angie of inclination of the tangent to the trajectory $ 4s rather rigidly joined 
with speed by conditions cf providing the ultimate range, and therefore there is 
no independent value in the majority of design problems. 


The powered-flignt trajectory in its extent consists of a small part of the 
full flying range (4~-10%). Therefore, even rather considerable errors in coordinates 
of the and of the powered section cannot have great influence on the full flying 
range, Subsequently we will snow that it is possible to be limited by very simple 
graphic dependences, allowing consideration of part of the powered section. Thus 
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the basic should be given to the determination of speed at the end of the powered 
Scetion, 


? Let us use equations of motion of the 
rocact as a material particle which consider 
only the basic forces effective in flight 
(Fig. 22.1): 


I dy —~P—X 
te me in, (22.2) 

dx. 
at = acosQ, (22.3) 

¢ 

dy __. 

2 “a 22 sind. (22.4) 
Fle, 22.1 Here m — the mass of the rockets; P — thrust; 


@ — acceleration of gravity; X — drag; 6 — 
angle of inclination of the tragent to the trajectory with respect to the horizon 
(angles of attack are disregarded). 

For thrust there 1s taken the following lay of change with altitude: 


‘ 


P= PytS,(Po— p). (22.5) 


Let us note that thrust attains a maximum value when p = 0, i.e., in a vacuum: 


P= Pot S.Pe eee 
Drag is determined by expression 
X= eS. (22.7) 
Let us write equation (22.2) in a somewhat different form: 
P x 1 
do= (= —gsind—=)at (22.8) 
and let us introduce the following designations: 
m 
t= S (22.9) 
T xs 42 ), \ 
. {*h . (22.10) 
_ P 
a= ; |: (22.11) 
1. & , 
“=| 7 |: (22.12) 
Gg 
p= ¥]. (22,13) 
P 22,44 
Prom wh |: ( oe 
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Prax wh |. (22.15) 
where from (22.9) and (22,10 ensue the relations 
we we Ot oe t —S, 22,16 
tee me e ent 
f= 7 (1 —n) (22.17) 
r= 1+ (22,48 
= (22 18) 


in these expressions: 


u is the dimensionless coefficient characterizing the relative weight of the 
rocket, i.e., showing what part of the initial weight is maintoined by the rocket 
at an examined moment. Coefficient u theoretically can be changed from ito 0, At : 
the time of launch » = 1, at the time of the turning off of the eng‘ne u takes the : 
minimum value for the given trajectory u . Quantity u to a known degree 


K 
characterizes the perfection of construction, Quantity (1 - u) shows that part of 
the initial weight is expanded to the examined moment. 


T is the ideal time, i,e., the time of operation of the engine of stich an 
"ideal" rocket, for which the final value ty = 0. In other words, T is the time 


during which at a given constant flow rate per second a quantity of fuel ecual in : 
weight to the initial weight of the rocket would burn. Quantities T and & are ; 
connected with each other by defined dependences (22.16}, (22.17) and (22.18). : 
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Uo is the fictitious exhaust velocity of combustion products on land and is 


calculated as the ratio of absolute thrust for on land (after subtracting losses to 
control) to the flow rate per second of mass. 


’ 
u_ is the fictitious exhaust velocity of combustion products and in a vacuum ‘ 


is calculated as the ratio of absolute tirust in a vacuum (after subtracting losses 
against cont.o1) to the flow rate per second of ‘ass. 


Neither Ww nor oe are the truce exhaust velocity of gases from the nozzle, 
which practically does nat depend on the altitude of flight of the rocket. The 
fictitious exit velocities* “49 and ut physically mean the quantity of absolute 
thrust ufter subtracting losses to control, arriving on each unit of flow rate per 
second of mass. 


Ry flow rate per second cf mass is meant to total flow rate of all components 
carticipating in a decrease in weight of the rocket. Its change with the course 
of time wili be disregarded, 


Py is the initial load on the middie secticn of the cransverse load, i.e., 
the inittal weight arriving per unit area of the largeyt cross section of the rocket. 


PRO ~ specific thrust on earth, 





Subsequently instead of the term "fistitious exit velocity,” for brevity 
we will use the term "exit velocity.” 
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Fon Sbecific thrust in a vacuun. 


From (22.11) and (22.14) we can obtain: 


Py. 
or 
a= 8 eg (22.12) 
and, analogously, 
a= 6P (22.20) 
In expression (22.10), cn the basis (22,411) and (22.19), 


Pe 


2 3 
a ePe 
therefore 
meePy.0 ore 
T= = spe e} (22.21) 
nere 


a, 
ez: 


We will transform every member of the expression (22.8) separately. First member 
P/m: considering (22. Sy, (22.6) and (22.9)-(22.12}), we have 





P Pat Seton _ Poa Pa PF 
= Re me om 
Te [ei —(, ag 2]. 
We leave the second member in constant form. The third member X/m: 
o ] 
zor see art 
-™ Pa os ° 


Inserting these values in equation (22.8), we obtain: 
dm) fer -- (0 — 0-2 2s 
Te 2 — DE]— esme— £ 2 a. 


From (22.17) we have 


a= —T ey. (22,22) 
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where the impact pressure ev /2 is designated by q. 
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Let us integrate the equation obtained from v, to v and from yi, to u: ' 


v— ea — 5, in +(e, -- 0 J EM 
- 8 : 

, af 
j +7 | gundans a Le ap. ‘ 


° 


As the lower limit of integration we take the parameters of motion at the time of 
launch, i.e., Lo = 1, Yo= Oo. Let us obtain 





: : 

om —a;iny—(e,~ 4) f 22- . 
i a : 
—T f gsinoan— 47 f Heap, (22.23) 
. a ‘ 
We will designate in equation (22,23) | 
: 
= f gsinddy, (22.24) j 
: 
& 
! am [EF- (22.26) 

i Thus for the calculation of speed we wiil obtain the following basic expression: 

E 

{ 

i ’ T e 

| oes — a, tap — TI, — £1, — (0, ~ a), (22.27) . 
t 

Ke or, considering (22,19)-(22.21), 

es om — gPy. alt — Pugh aan i= 


~ Pps Pndly 
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From (22.27) it is clear that the speed of the rocket 1s determined by the 
following basic design parameters: u — ratio of running weight to the initial; 
Pya n7 specific thrust in 4a vacuun; vo 7 ratio of initial weight to the initial 


thrust; Py initial load on the middle section; P "p07 Specific thrust on earth, or 


- t a e zzie i f the engin 
the difference {Fon “ o>" arr » determined by the nozzie height o e engine. 
In formula (22.27) the member “a in »p determines the speed of the moving under 


a condition of the absence of attriet ion of the earth and influence of the atmosphere. 
The exit velocity of the gases (and, consequently, thrust) will im this case be 
constant and maximum. The member TI, determines the loss of speed induced by the 


action of gravity. This loss is most scala among all others and should be 
coneiderea first, The third component Ly, iz a loss of speéd for the surmounting 
of APA The relative magnitude of the Teai of speed to the surmounting of drag 
EF te is less the more powerful the rocket. Being important factor in the 


determination of the speed of small rockets, this loss gradually decreases, 
consisting for long-range rockets 2-3% and even iess, 


Since the rocket moves in an atmosphere where the pressure of the atmosphere 
varies with altitude, then the thrust according to (22.5) will be variable, being 
increased from a minimum ground value up to a maximum in a vacuum, Therefore, the 


t 
product -u_ Inu gives an over estimated value of speed, The last member of 
3 t 
equation (22.27) (u - Uo) I, represents a corresponding correction considering 
this circumstance. 


If all the characteristics of rocket are assigned, the calculation of the first 
member of equation eee causes no difficulties, Caiculation of the second 
member of equation (22.27) is connected with the determinetion of the numerical 
value 1,. For this it 1s necessary to know g and sin @ in function i or t. 


In the first approximation and with sufficient basis (altitudes on the powered 
section as compared to the radius of earth are small), it is possible to consider 
Z = const. However, it is impossible not to consider angle @ constant, neither *o 
take it as some mean vaiue, not risking the making of a gross error, At the same 
time it is known that the dependence @ = 6(u), Selected taking into account real 
limitations, for all long-range rockets has approximately the same character. It 
is also known that small changes in the dependence 6 = 6{u) influence insignificantly 
the terminal velocity. 


Therefore, wishing to free from the great number of variations of the dependence 
@ = O(u) ana thereby facilitate calculation and make them applicable for a more 
general case, it is expedient to take for all trajectories a single dependence, 

If the accepted dependence after appropriate calculations and comparisons with more 
exact methods will show satisfactory accuracy, then it can be used in ali further 
ealculations without change. Such a dependence can be accepted in the form of a 
curve, on which the following conditions are superimposed. 

Prior to the moment of time tas corresponding to the beginning of the curvilinear 
flight (beginning of the "program"), the angle 6 = 90°. The value of the relative 
weight p at this instant will be designated uy. . 

The necessary final angle of inciination of tangent tc the trajectory is 
reached at the time to corresponding to nu = Wp. At this point the derivative of 
angie @ in time (and at 2) is equal to zero. In the interval between pp = un, and 


1 
woe the angle ¥ is changed by a square parabola, 


After u = Up the angle of inclination of the tangent to the trajectory remains 
constant prior to the moment of turning off of the engine. 
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It is convenient to record equation of parabola in the form 


Cun A (yu — py + BGs — py.) +C. (22.28) 


Coefficient A, B and C are easily determined from shown conditions. So tnat the 
probiem is more concrete, it is necessary to assign defined value Hy and os constants 


for all possible cases of calculation. It is possible to consider estabiished that 
tne vertical section continues up to values of » close to 90.95, Therefore, it is 
quite natural to assume u, = 0.95. 

Further, the powered sections of almost all long-range rockets possess that 


property which after u = 0.4-0.5 the trajectory 1s either rectilinear or very 
closely approaches a straight line. At the same time values of iy greater then 


©.3-0,4, as a rule, are not encountered. Proceeding from this, it is possible to 
consider sections of the trajectory after 4 = 0.45 for all rockets rectilinear and 
differing from each other only by a value of the angle of inciination, so that 


Bo = 0.85, 
Inasmuch as it is profitable to conduct firing at optimum angles, then 6, for 


various trajectories will be different. Thus losses of speed from gravity will be 
a function of the final angle & and yp. 


The dependence 6 = 6() with parameter ef satisfying all the conditions, has 
the form 


t= 97 an 1B >0,95, 
Om: 4(F—6,) H—0,457-+0, mer 0,95 > 450.45, (22.29) 
6 6, whet 0.4554. 


The dependence € = 6(u) is represented graphically on Fig, 22.2. Values of the 
§ % 
t= f gsinddp 
‘ 8 


are given in Table 22.1 and on Fig. 22.3, which one snould use in carrying out the 
concrete calculations. 


a 
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Integral I, expresses influence of drag: 
§ 
hm { Seep. 
a r J 


“gr Tuned 


In order to calculate this Integral, it Ls necersacy beforehand to know Gar mg 


cy (M, h)in function py. To obtain these dependences we will use the first tas 


members of equation (22.27), giving speed In funelien wo under the condit.ton of the 
absence of the atmosphere. 


Let us denote 


@, = —aling — 7/,. (ee. 30) 
Then the altitudes corresponding to these speeds will be 


(er, 54) 


t ’ 
y= foysindat=T f v,sin0 dp. 
é * 


Let us call v, and y, the spead and 
6-20 : ! 
altitude of the first approximation, 


Ly 
r KnowLny v, and Yas It is oasy te enicuinte 
8 
po? 
eu nm | Fat. 
luring calculation of To» tnohenad 
a-26 of viwe will insert vi5 yg will be taken 
net from the true valwe oul y but 743 Cy 
O-4s WLIL alse be determined with raspeet te 


v4 and ¥4: 

6-28 
The great quantity of cnleunltlons 

o-3t conducted for the purpose of determination 
or Ip» permitted establishing th: f') lowing 


O- 52 empirical dependence: values of the 
Oo integral corresponding to the same value 
of speed, plotted on the graph depending 


upon quantity* 
lo -3 
om T | a,,sin8, - 10. (22.32) 


where u, ” (u' + u)/2, have insignificant 


scattering around a certain mean curve, 
Therefore, it was found possible to 
>. construct the dependence I, = f(v,) with 


Fig. 22.4 : parameter o (Fig. 22.4 and Fig. I of the 
= , Appendex®), Values of Ip are obtained 








With the calcuation of o by the formula (22.32) it is necessary to take T per 


t 
s, and Yop m/s, 
2In the Appendex graphs are given which can be used for design calculations. 
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quite close to the real, since speeds during calculations of Ty Ore Laken overs 


estimated (from the first approximation), and the densities understate 1 (becuuc: 
of overestimated altitudes of the first approximation). , 


Thus for the determination of the loss vt speed on drag Lt lio gurrieteons we 
calculate . 


om T Va, sind, - 107° 


and, taking it as u parameter, to find Ty depending, upon speed Va Known befurchund 
from the first approximation, Obtained In must then be multiplicd by quantity £, 


which characterizes cach rucket taken sepurately. Hence it is cluar that tae Jags 
of speed for overcoming drag depends on the transverse luad, The grexubeor the 
transverse load, the less the loss of speed during the pussage of the rcoernet 
through the atmosphere, Therefore it is desiruble to have We 4G large an passible 


not causing damages, however, to other flying characteristles of the rocket, 

It is necessary to nvute thit with calculation or Ty, for «ll rocket Ld ntient! 
coefficients of ec, were accepted. This circumstance, however, docs mot lead? 
considerable errors nceording tu the following causes: 


1) for all rockets or nermil ballistic ceheme cceffielent: ¢) ars apne te ly 
identical; “ 

2) dependence.: c.{™, 41),un which are cunducted exact culeulations rer cone ° 
rocket:, themselves :ossess considernble »rrors; 

3) the influency ot drag, in general, i: .mall, especially fur cowearlur oc one: 
designed ror firing at great distances, Thererore, the error owkn wo Gc) hie 
insignificant influence, 


' ' 
The last correct ion (a, - Uo)T, considers the change in thrust with altlouud . 
For the calculation or I, it Ils necessury to know the dependence f= si). shin. 
e 


be known if the altitude y in function wu is known, There were conducved a pret 
number of calculations for the purpose of the determination of I5, where ‘sititude- 


y were taken from the second approximation, We call the altitude ot the cecond 
approximation the altitude obtained during integration of equation (22.4), in 
which speed is determined by the formula (22,27) taking into account, the Plrot 
thres members, ti.e., 


1 
‘ Tr 
sam f [-scinn 71, — 2h TsinO dp. (22.33) 
As a result of processing these calculations w2 succeeded for quantity -, equal 
to 
n= 0.0010; Var, sind, /,, : 
in establishing the empirical dependence on the parameter vg and time of flight t. : 


In the calculation of n it is necessary to take as in m/s. 
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This dependency is depicted on Fig. 22.5 and 
Fig. I1 of the Appendex. 


Parameter Yo 4s calculated by one of 
three formulas: 


r Tr G, 
one fe oe ‘a 
‘ & Pre Pe 


Thus, having a concrete rocket, we calculate 
for it Ve and find the parameter yn the the 


moment cf time interesting tc us. Then we 
calculate I, by the formula 


Te ccs as 
3 ania’, Var ae, (22.34) 


+ 
The product I,(u, - Up) gives the unknown 


loss of speed for overcoming the 
counterpressure of air, 


After determination of all the losses 
we calculate formula (22.27) the final speed. 
Fig. 22.6 gives curves allowing on a 
particular example! to trace the change of 
speed depending upon 1 and the relation 
between separate members of formual (22.27}. 
Plotted on this graph downwards are losses 
of speed OVy> AV, and V4 referred to the 


true speed of v. 


in 
: 
~ 
z 





a 


Fig. 22.7 


- 
‘With the following initial conditions: vy = 0.577; Ban 7 288 Me 5 Pe 


= 2ho ues; P, = 10,000 a 3 o* 38°20° 
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Here there are designated: Ww, = Tr, — loss of speed for overcoming gravity; 
av, = -£), — loss of speed fer -verc coming drag; av, a (ue - 


Ua)ty — loss of speed 
for eyerosnine counterpressure of the atmosohere, 


sah) 


a 


Arorogtoation meth 
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( a a & Spe 
Fig. 22.8 Fig. 22.9 


Fig. 22.7, 22,8, 22.9 give a comparison of separate losses (av,, avn, av.) 


Calculated for the same eee by two methods, namely, numerical integration of 
the system (22.2)-(22.4) and the method just now expounded. 


§ 23. Determination of Full Range 


For purposes of designing it 1s possible to propose simple dependences which 
enable the possibility of finding the full flying range in a function of the speed 
attained up to mement of turning off of the engine or, conversely, the speed 
necessary for achievement of the assigned distance, without recourse to the 
calculation of coordinates cf end cf the powered section. The proposed formulas 
are not exact, but for the first approximation they give quite satisfactory results. 


Let us express the full range as 
Lovkl,,. (23.4) 


Here by Lyn {S$ meant the range concluded between the two radii MK and MN, conducted 


from the center of the earth and intersecting the trajectory on its ascerding and 
and descending phases at an altitude of =nd of the powered section (Fig. 23.1). 


Thus coefficient k expresses the ratio of full range to its purely elliptic 
part determined by arc BD along the surface of the earth, We use inly conditionally 
the term “purely elliptic part of the trajectory,” understanding by this only the 
fact that the influence of the atmosphere affects the flight engligibly, We determine 
the flying range corresponding tc this section cf the trajectory by the formulas 
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Of all tne diagram of calcuiations examined for 
this case we will use oniy the one corresponding to 
the case of firing at an optimum angle (see (19,34) 
and (4 >, 22}): 


hyper: (23.2) 


whence, considering that L,. = 2x6,, 
k= kb,, = 2kR arcig —; se. (23.3) 
2yYi—*«, 
Here? 
¥ 
‘a nve ‘ 


? 


If one were to take r= R, then y= 
Substituting this value v, inte (23.3), we will 


Fig. 23.4 obtain 


“ 
iw Me ‘ 
Rue Vaated . (23.4) 





K 





Q 
nm Veast— a 


If the are arctg 





is taken in degrees, then 


| 2 
Lae 222,4k een (23.5) 
tin Vaud 





Fig. 23.2 


The value of coefficients k is not identicax for different rockets but depends 
on the speed or range and on basic design parameters. in the first place on those 





‘In this and subsequent formulas it follows to express v_ in km/s, and r 7 
R and L in kn. ¥ K 
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by which is determined duration, more correctly the extent of the powered section, 
Such parameters are Pend and Yo: the influence of which in totality can be replaced 
by value T = vOF a0 

To determine k on Fig. 23.2 (Fig. III of the Appendex) there is the curve 
kK = k(v,) with parameter T plotted on the basis of analysis of a large « antity 


of accurate calculations. 


If we copy formula (23.5) with respect to Ya? then we will find 


ee HIS te pee tg (15° — “sar): (23.6) ; 


In (23.6) the quantity L/222.4k is measured in degrees. To determine k depending 
upon the range on Fig. 23.3 (Fig. IV of the Appendex) there is plotted the curve 

k = K({L) with varameter T. By the formulas (23.5) and (23.6) calculations are 
performed, and on Fig. 23.4 (Fig. V of the Appendex) there is plotted the dependence 
L = f(v,)> using which it is possible to solve the direct and inverse problem of 


ballistics. 
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§ 24. Final Formulas for a Rough Estimate of Flying Range 


In design ballistic calculations it is sometimes found useful to establish at 
least a very approximate dependence of flying characteristics of a rocket from its 
basic design parameters expressed by means cf final for-ulas. Such a dependence 
can be obtained by examining the motion of a rocket under the action of only two 
bacic forces: thrust P and weight G, considering that the acceleration of gravity 
g Pas the same value (in magnitude and the direction) at all points of space, 

Tet us direct the x axis of the rectangilar system of coordinates on the tangent 
to the surface of the earth at the launch point and the y axis vertically upwards. 
We will consider that at the initial moment (when t = 0) the coordinates and speed 
of the rocket are equal to zero. Motion wiil be considered flat; this is as it 
should be, if besides the assumptions made we demand tnat the tractive force during 
the whole time of operation of the engine act in one plane. The angle which this 


force composes with the plane of the horizon (with x axis} will he designated 9. 
Then the equations of motion of the rocket will have the form 


m SF Pcose, 
wn £2 ox Psing— a, 
or 


SF = gacose. 


a: (24.4) 
Fae (asing — 1). 


where :. designates the ratio P/G (G-forces}, which we will consider by the known 
function of time n = n{t). 


integrating twice equations (24.1), we obtain: 


+ 


& =g J &(t) cos ¢ (x) dt, 


e (24,2) 


g-s(f scoang(ner—t) 


ta 
rag { f nqcosg(ndrdy,, 
é {28 , 3). 


z& 
ye(f J somecere,—$). 


In the obtained double integrais the region of integration in the plane of variables 
Tt and Ty constitutes of triangle determined by inequalities 


OSt 2, St. 


Changing the order of integration, we obtain 


te . e 
Sa ef [rome ef (t — 1) 8 (1) cos @ (0) de 
z 
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and, analogously, 


; 3 
ref g@— +) 9 (1) sing (t) de — $). 


Let us assume that the time of operation of the engine (duration cf the powered 
section) is equal to te 30 that 


8(O eo when ORt* <t, 
a()= 0 when #>%,. 


Then for t # te these formulas will be correct: 


% 
wv. & [ acosq de, 


ene (fesneer—t); 


% 
sme] (¢—tacosg dt, 


% 
rel t—naseger—$), 


where n and @ integrand expressions are functions of 1. These formulas can be 
used, in particular, for the determination of coordinates of the impact point, 
substituting in them instead of t, the time of flight prior to the encounter with 


the surface of earth t, {assuming, of course, that to > tht 


(24.4) 


& 
em E | acosedt, 
tome fesmeer—t): 
%e 
re= ef (te - thracosg dt, 
; % 2 (24.6) . 
see fuc—ernser— 4). 
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To determine the complete time of flignt t. it is necessary te ins«rt expressions 
fs. x, and y. ints equation cf tne surface of earth 


y= f (2) (24.7) 


and solve the equaticn with respect to te: We will net specify as yet the forn 
of function f(x} in equavion (24.7). 


It is natural to approach the obtaining of the ultimate raze of flignt of 
the rocket. Therefore, we will solve the following variational problem: what 
shouid function 9 = @(t) be so that the abscissa Xo of the point of impact is 


maximum. For tnis we wili find variations dx, and dy, owing to tne vartation 6¢, 


AS usual, we can write: 


where Ete is the variation of time of the flight and dxe and O¥o are variations 
of coordinates at the fixed value t = to. These variations are equal 


. f 
adxo= ~«f (ic — t) asin gbe dt, 
(24.9) 
% 
yom e f (te — Dacos pop dy. 
a 


Excluding from equations (24.8) and (24.9) quantities Ato, 6x_ and Syp, we will 
obtain 


Mg Are + Oye Aye m= 
% 
=e] (fo — DA (o,¢ sing + v,¢ 60s ¢) by dr. 
Furthermore, Xe and Yo are connected with each other by the equation of the surface 
of earth 
Ye = J (Xe). 


and therefore 
dye = [ (x6) Arg. (24.10) 


Thus 


fl P86 Once’ (Xe) Azeem 


% 
= £ f llc —~ A(x 50g + 0,¢ 605g) be de. 
4 


= 
tO 
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The necessary conditicn of extremum of quantity Xn is the identical conversion 
into zero of the first variation Xe in other words, tne fuifiiiment cf cquaiity 


te 
J te Onley sing + 24e 608g) bp dt ow 0. 
€ 


The variation 5? in cur formulation of the problem nas no limitations on it, so that 
Dasicaily the lemma of calculus of variation is applicabie, from which it follows 
that angle 9 should satisfy equation 


2c tag + 0,¢cosg a 0, {ck 14) 
at least for those values of 1, where n # 2, and only such values interest us, 


The value of 9 satisfying condition (24.11) will be destgnated by %- Condition 
(24.11} can be rewritten in the form 


where 6, is the angle composea by the velocity vector at the impact point on the 
x axis. It follows from this: 


= 0, + +: 


Tnus for achievement of the ultimate range of flight it is necessary that 
during the entire time of operation of tne engine the direction of the thrust 
remain constant, where in such a way that the direction of speed of the rocket 
at the time of its encounter with the surface of earth is found perpendicular to 
the direction of the thrust, Let us study in greater detail this cptimal state 
of motion of the rocket. 


Let us introduce these designations: 


i) 


fadcan, (28.42) 
@ 

‘ 

f rere, (24.13) 
e 


when 9 = 9 = const expressions (22.5) and (24.6) can be rewritten in the form 


Oe = EN cos gy, 
Px¢ = £ (N Sin gy — t¢); (24.14) 
Xqm g (Nie — N,)c0s Go, 
a (24.15) ‘ 
Yom E [ove, — Np sing — | 5 
We will insert eapressicns (24.14) for Vc and Yyc into equation (24.11), wrich ‘ 


should satisfy the optimum angle %- Let us cbtain 


GN tla gy — fc)sings + EN cos? q, = 0, 
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or 


N — tesingyae 0, (24.16) 
whence 

te = ® b 

"laa (24 47) 


This expression for to will be substituted into formulas (24,15} for coordinates 
of the point of impact: 


xc ‘(— N,)cone, (28.183 
yo= 8[( gare — M1) sing, — rasa]: (24.49) 


Instead of quantities N and Ny it will subsequently be more convenient to 
use dimensionless quantities 


Ny, 
cup. (24.20) 
bm &., (24.21) 
where R is the radius cf earth. In these designations 


6R 
Nw, Nye SE 


and 
Xe me RO cig q(t — ating. (24.22) 
2 agy—t 
Yo™ Faate, (2 Si to — 2e sh fo9— 2). (24.23) 


The equation for angie 9) can be obtained as a result of the substitution 


of these expressions into the equation of earth's surface (24.7). If one were to 
consider the earth a sphere with radius R, then this equation (more exactly, the 
equation of a section of the earth's surface by the plane of firing) nas the forn 


y= —R+ VRS. 


Instead of it we will use the approximate equation which is odtained it we decompose 


VR=-s in series in powers cf x/R and are limited by two members of this 
decomposition: 


yr — RR ~ ae): 
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or 


ym —¥- (24.24) 


Derivation of this equation justifies its use with small x. However, the 
application of the same equation for large x is not deprived of bases. It is 
known that in the central field of gravity a body thrown on a tangent to the 


j 

} 

) 

_ surface of earth with an initial speed t= VgR. will move all the time in a circular 
orbit along this surface. In the examined field of gravity the body, to which . 


i at the origin of coordinates is imparted the same speed Yo in a horizontal direction, 


‘ will move, as it is easy to determine, about a parabola described by equation (24.24), 
| ; Thus this parabold in a certain meaning is the analog of the surface of earth for 
| bodies moving with an initial "circular" speed Yo- 


: Inserting into equation (24.24), instead of x and y expressions (24.22) and 
(24.23) for Xo and Yoo we obtain 


! Taare? sin? ¢y—2a sin? gg— 1) = — ROSES 1a sin go). 


or 


2 sin? ¢q — 2a sin? gg — 1 == —h cos? qo (1 — a sing,)*. 


Replacing cos" 9, by 1 - sin’, and transferring all members to the right side, 


we reduce this equation to’ the form 


4% sin* qq + 20 (1 — 6) sin® qo -- (2 — b + 2D) sin* gq 
+ 2absing, +1 —b=0. (24.25) 


A a a i ER a a 


This equation can easily be soived by a certain numerical method. There converges 
rather quickly for example, interational process, founded on the formula 
{ 
sin ¢g= [ss (0% sin* qq -+- 2a (1 — 5)sin* gy — 
— 0% sin? ¢y-+ 24d sing, +1 —»}". (24.26) 


ensuing from equation (2%,25). 


Thus, if the law of change of load factor nit) is assigned, then formulas 
(24,12) and (24.13) for N and N,, (24,20) and (24,21) for a and b, equation (24,25) 
for % and, finally, formulas (24,22) and (24,23) permit determining coordinate 

and Yo of the point of impact of the rocket. Coordinate Xq can be considered an 


; x 
; Cc 
: approximate value of the flying range, in any case for small distances where 


SO al ER Bet BO 2 ne Reece re ee ee 


equation (24.24) quite well described the form of the surface of the earth. - 
In order to obtain the best accuracy for great distances, let us examine the 
limiting case of the instantaneous burning of fuel (t5 0). In this case the 


integral N has the final limiting value connected with speed at the end of the 
powered section by the relation 


: % am g@N 


yea doh. Sgt 


ate 
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{gee formula (24,8)). For the integrai N,, on the Basis of fcrmuia (26.13), we 


vbtain ; 
—& - 4 ': 
Ma [ arte [ atoar mene, 
¢ 
7 and, ccnsequently, the limiting vaiue uf N,, and at the same time of a, is e@qual 
te zero, 
3 Formula (24.06) gives when a # 0 


agen FF 
after which by the formula (24,22) we obtain 


Re 
| Fo™ py: (28.27) 


With the instantanecus burning of fvel cocrdinates Xe and Vy obvicusly, are 


| equal to zero, The problem of the determination of the ultimate range of flight 
under conditions of the elliptic theory was solved in § 19 Chapter V. For the 
case r= r. * R we ohtained formula (19.33): 


c 
Seen VI~%,: 


where 


wy, iN 
wee ene 


From formulas (19.31) and (19.33) it follows: 


te meer 


Comparing this forsaula with formula (24.27), we obtain 


te “con tp 


whenee, taking into account that when Xe = ¥. =O 
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Lawl, om Ro. 
we find 
£, : 
bem OR ascig +f. (28.28) 
. This formula, which established the relation between tic flying range L under i 


conditions of the elliptic theory and ccordinate Xoa calrulated by the apove- ! 


described method, can be expedientiy used when a # 0. Uniting formulas (24.28) 
and (24.22) in one, we will obtain 


ba 2R wcig [> etg gy (1 — asinga]. 
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Tne expeunded methed in pure form is too coarse for the jetermination of 
distance mainly. because.in it are not considered losses of speed (and consequently, 
distance) for <vevcoming drag to the motion of the recket. However, already 

the formula : 


Ln 0,75x¢ 


gives for distances t- to 5000-7000 xm an crror not exceeding 10% with a change 


in design parameters of the rocket almost in the whole range of practically 
reasonable values. 5 
Let us dwell now on the question of the expression of integrals N and Ny 


in terms of design parameters of the rocket. Let us consider the case of the 
multistage rocket, consisting of m stages. Let us designate the thrust of the 
engine of the i-th stage by Py» the flow rate per second of fuel on the i-th stage 


by Gy» the initial weight of the i-th stage by Go the time of the end of operation 
of the 1-th and (for 1 < m) of the beginning of the operation of (i + 1)-th stage 
by tae During the period of operation of the i-th stage, i.e., when thet <te am 


4s 


“quantities P, and G, will be considered constant. Then when teint <ts to4 for 


i 


the load factor n(t) we obtain the expression 


Py 


P, 
R — ‘ 
OF O, ” Gua tit = eid 
or 
Prat 


e 
Yas 


a()= 
where Pyyye= Sh ts the specific thrust of the engine of the i-th stage, 
F 


Tye Et hast (24.29) 


In these designations 


6, 


fe m fat 
N=[adt=y f rs dt, 
e 


' bet ‘eter 
a of 
Pys rf 
N= J Fae 
tal 'e ton 
But . 


f Pe dt Py, 
raz Ht = — Pp aT — A. 


Prat Py,17 —(T—1)) 
[pat fe rane rin n=, 
it follows from this that a 
Ty — tee 
Wom YP (24.30) . 
v 1, 
fp. 
Name Ni Pras [Fan tata + tay — a]. (24.34) 
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§ 25, Design Calculations with the Use of Electronic Computers 


The effect rrom the use of electronic computers is especially great in the 
solution of such problems which require multiple appeal to the seme algorithm, 
which is the most labororious part of the total calculation. Design-ballistic 
calculations, conducted for the purpose of selection of basic design parameters 
of the rocket, pertain exactly to such kind of problems. 


Really, if it is required, for example, to investigate the influence on 
flying range of the rocket of only some three independent parameters and to give 
to each of these parameters at least five values, then the quantity of possible 


combinations vf parameters will be equal to 5? = 125, For each of these combinations 
it is necessary to select the trajectory realizing the maximum of distance, If one 
were to consider that five calculations for detecting the optimum trajectory 

are sufficient, then the total amount of calculations of trajectories will be 

equal to 5-125 = 625, 


The main part of the time will be occupied by integration of the system of 
differential equations of motion répeated 625 times. heducing results into a 
defined system convenient for analysis (grids of curves or table), it 1s possible 
to select the most profitable combination of parameters interesting to us, In 
certain cases on the machine can be placed the solution of an extreme problem 
according to some number of parameters, not calculating the grids but applying 
one of well-known methods of investigation of the extremum by many variables. 


In similar cases, for the sake of saving time, it is recommend to derive 
for printing not all the obtained trajectories but only the final results of the 
calculations and only for several variants is it possible to derive trajectories 
ror the use of them in calculations of loads, stability of motion and controllability, 
in the carrying out of thermal and aerodynamic designs, and so forth. As a rule, 
for purposes of selection of design parameters there is used a system of equations 
of motion (14.25) written in the assumption of an ideal control system (a> = ©), 


but considering the presence of angles of attack. The program of pitch angle for 
a single-stage rocket is given in the form of a one-parameter or two-parameter 
family of curves, where for one parameter there is taken the maximum value of the 
angle of attack on the subsonic section of the trajectory and for the second, the 
origin of turn of the axis of the rocket in pitch.) 


For a two-stage rocket there is the possibility of the variation of two more 
parameters of the program: the initial value of the pitch angle on the second 
stage and angular velocity taken as constant for the given trajectory. 


Absolutely analogous’ calculations are conducted for exposure of the influence 
of deviations in comparatively small limits of basic design parameters on the flying 
range, The obtained change in distance attributed to the increase in the investigated 
parameter, is equated by a corresponding derivative if one were to solve the problem 
in a linear formulation, 


It is necessary only to note that in the carrying out  .f similar calculations 
the program of pitch angle should not be taken the same for perturbed trajectories 
as for undistrubed, but each time should be selected from the guaranteed condition 
of the maximum of range. Derivatives obtained as a result of such calculations 
can be used in certain other design probiems. Let us assume that it is required, 
for example, to establish between some two design parameters Ay and Xo &@ relation 


corresponding to the constancy of the maximum range of the flight. The relation 
of derivatives 


eL / aL ai, 
—ic/s = it 
4¥or the assignment of the program of the pitch angle see in greater detail 


in Part Four. 
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@ives to us the needed value without carrying out additional calculations. Usually 

with-design calculations we are interested in mean values of flying characteristics 

of the rocket, and therefore the influence of the rotation of earth will be 

aisregarded. However in the programming of problems for a machine reading, in 

equations of motion 't is recommend to preserve the appropriate members, since in a 

number of cases the investigations taking into account the rotation of earth are 

needed very much. In remaining cases superfluous operations can be avoided, , 
setting in initial data the angular velocity of the rotation of earth equal to zero. 


In many cases the determination of the rull flying range is expedient conducted 
not with the heip of transition to formulas of the elliptic theory, but by continuing . 
integration of equaticns of motion up to the moment of the encounter with earth, 
It is more convenient for calculation of the powered and free-flight section of the 
flight to use the same system of equations of motion, excluding during calculation 
of the free-flight section of trajectory members connected with the operation of 
the engine and control system (setting, for example, the thrust to equal to zero). 


With a machine reading the most convenient is the method of Runge-Kutta 
integration, where the step of integration should be slected automatically, 
proceeding from the assigned accuracy of the calculation. This guarantees both 
against the uneconomical expenditure of machine time (if the step is assigned 
very small) and insufficient accuracy of the calculation, In other respects it is 
necessary to hold to recommendations general for calculations of trajectories with 
any accepted system of equations of motion and given in Chapter VII and also in 
Chapter XI, with respect to the selection of the program of the pitch angle. 


§ 26. Determination of the Speed of Encounter of the Rocket with a Target 


It is frequently important to determine the speed of encounter of a rocket 
with a target, since with this speed are connected conditions of motion of the 
rocket before encounter, This can be done by the following method belonging 
to Prof. V. P. Vetchinkin [1]. 


Let us assume that with the entrance into the atmosphere on a descending 
phase of the trajectory the rocket has the following initial parameters of motion: 
altitude his speed Vu and angle of inclination of the velocity vector to the local 


horizon $e Let us assume the trajectory of the rocket on the atmospheric section 


to be rectilinear. This will not introduce great error into the calculation, since 
the true trajectory is insignificantly deviated from the rectilinear. Further 
we will replace the drag coefficient Cy by its mean value and disregard the 


dependence g on altitude. Thug, we make the assumptions 
© ax 6, = const, 
Og ™ Cy eg = Const, 
&= £,= const. 
The equation of motion on the atmospheric section will have the form 


a ae 
Fa Z teste — Heh Fors gain, (26.1) 


where m- the mass of the rocket; S — area of midsection; p — air density at an 
altitude ; Po — air density on earth, 


Equation of motion can be written thus: ‘ 


de sw th SzepheS ® 


EE ta Ot losin ds: eee) 





4¥n this paragraph, for convenience of calculations the positive direction of 
the reading of angle $ is accepted from the horizon clockwise. 
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here h is the altitude of the rocket above the surface or earth; p/p is the 
relative air density. 9 


It is obvious that 


ath 
GH = — Usind,. (26.3) 


Inserting (26.4) in (26.2), we obtain 


de CrcpPeS 
vsind, 2 = - —vH £osin M, 
ur 
2) tree eS e e-2 
ah wsind, p, ” ~ “0: (26.4) 
We designate 
k ne ae Czep 
2sint, 2sin 0, “Pa” 
where 
G 
Pa="5 |G: 


Then equation (26.4) will take the form 
Sanh o— rg, 


Integrating this equation from h = h,, up to h = 0, we find the final expression 
for the speed of encounter with a target 


‘ 
-» f ‘fa -m | Lae, 
6 


we = Oe i see ean. (26.5) 


Considering that with the made assumptions 
a a 
£ dh = {=8S- ay —, 
a ame d@ ax 20 
sé &Pe nr J oem” 


forrula (26.5) can be written in the following way: 


x9 (Po- Pa) “hy _faep%o-) 
vkacuie eS + | e Mae ap. (26.6) 


By formula (26.6) calculations were made graphs were plotted (Fig. 26.1-26.3 
and Fig. VI-VIII of the Appendex). With this for the initial altitude of the 
rectilinear section that altitude was taken on which the assigned initial speed Va 


the acceleration from drag consists of 1/10 of the acceleration imparted to the 
rocket by gravity, i.e., equal to 


O,1g sind, = sin 0,. 
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Fig. 26.3 
Thus altitude 1s found from equality 
Fe sgh LG Sasing, . 
consequently, : 
Ss. 2G sia 1 
ae re (26.7) 
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K 

The calculation of speed Ye by the given grache is produced in the following 
way. Knowing for the given rocket Cxep and Py and also the angles oy? equal to 
the angle at the end of the powered section, from the graph of Fig. 26.1 (Fig. VI 


we find «, From the calculation of the powered section there shouid be xnown 


Vn and Vy From the graph of Fig. 26.2 (Fig. VII) with respect to v, and & we find 


Yyi it is most prebablie that the value of Yy wili equai Yg- Then we determine the 


According to equation (26.7) the graph 7. = f(x, v_) 4s plotted (Fig. 26.2). 
f 


valuc cf speed by the formula 
£%a— Ja) - 
=e, + Se. (26.8) 


With respect to the new value of speed ¥, and value k from the graph cf Fig. 26.3 
(Fig. VIII) we find the speed of encounter Yee 


Calculations made from the graphs show that the error in determining Yoo 
as compared .o numerical integration, is quite permissibie for design calculations. 
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CHAPTER Y¥IT 
BALLISTIC CHECK CALCULATIONS 


Afterwards, witn the help of the above-statedc method of design calculation 
G 
main design parameters of rocket are selected: 1, = = — ratio of the finel 
0 


weight to the initial; P specific thrust in @ vacuum; Yo = = — launch ratio 


yon 
G 0 


of weight to thrust; P, = ° — load on midsection; AP P.. ~ the 


ya = Pyo.n ~ Pypo 
aititude of performance of the nozzle expressed as the difference between specific 
thrusts in a vacuum and on Earth; ce, (M) — law of drag. It is possible to approach 


a more full and detailed designing with a further more precise definition of the 
enumerated parameters. 


This more exact data should corresponc to more exact calculetions, which are 
conducted by equations of motion obtained in one part. The most suitable here 
are systems of equations (14.30) and (14.25) for the calculation of the powered- 
flight trajectory and systems of equations (15.19) and (15.12) for the calculation 
of the free-flight section. 


Simultaneously with these calculations there is conducted a selection the 
“program” or form of trajectory about which should be carried cut motion cn the 
powered section and in accordance with which instruments giving the rocket this 
motion are designed. Questions connected with the selection of the program will 
be examined in the fourth part of the book. 


After a more precise definition of main design parameters of the rocket and 
the selection of a program checking calculations are produced which consider 
certain peculiarities of the control system, a fuller scheme of action of the forces 
and, if it is necessary, a concrete point of launch and direction of firing. The 
most suitable for this purpose are systems of equations (14.20)-(14.23) and 
(16.18) for the calculation of the powered-flight trajectory and the system of 
equations (15.3)-(15.7) for the calculation of the section of free flight. On 
the basis of these calculations there are compiled preliminary tables of firing 
and conducted flight tests of the designed rocket. - 


During calculation of the trajectory it is necessary first of all to select 
a@ certain system of differential equations, proceeding from the required accuracy 
of determination of the flying range and other elements of the trajectory . 
interesting to us and in accordance with the presence and accuracy of initial data 
neceasery for carrying out the calculation. Appropriate recommendations on applica- 
tion of a certain system of equations of motion were given with the derivation 
of these equations. 
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In this chapter we will exemine concrete systems of the most commonly used 


equations for calculation and will give ri-commendations for carrying out maim2rical 
calculations. 


§ 27. Calculation of Powered-Flight Trajectory 


One of the most complete for calculation of the powered-flight trajectory 1s 
the system of equations (16.18): 


a X»— a See 


pen + 2w, cos q, siny, 


| a sls [>— Xp past es] + o€ sing} — (27.1) 


_ — 2a, (sing, cos . — cos g, cos ¥ sin 8), 


SS = 00058. 


dy 
a= osing, 


—— wa — YO. 


at 
Here 


8 
m=m—[ mdt, 
e 
where My — mass of the rocket at the time of breakaway from the launching pad. 


The value m, does not coincide with the mass of a completely filled revket, 
but is less than-it by a magnitude of the so-called pre-launch flow rate, by 
which is understood the mass of fuel expended prior to the moment of breakaway 
of the rocket from the launching pad. This moment is characterized hy an enuelity 
of thrust and weight of the rocket, and the corresponding quantity of fuel 
expended up to this moment is determined on the basis of available stetistics 
from results of bench tests of the engine. Thus for the zero of time in ballistic 
calculations is taken the moment of breakaway of the rocket from the launcher, 


The flow rate per second of mass m is determined by characteristics of the 
propulsion system. During calculation should be considered change m depending 
upon ballistic parameters of motion and changes of conditions of the fuel feed 
dependent on them for every component scparatcly. Calculation of the character 
of accretion m after the switching of the engine and fall m after the turning off 
of the engine is obligatory. 


Thrust is determined by the formula 


Pa, Pot Se) —S.p = 0-3-— a, (27.2) 


where for quantities not variable during flight there are introduced designations 


es P, + S.Pe 
€, = Sp: 


13% 


Py and m, ere nominal vaiues ot thrust and ficw rate ,ei Setund of mass on 
earth. Formula (27.2) considers throttie (fcr smai: changes of flow rate) and 
altitude characteristics of the engine. Ratio P/F 4 ie rate taken from tales of 


standard (normal) etmosphere depending upon the altitude of flight. 


The drag of the jet vanes is equal to 


Xe= Oot 1+ 4+ Daten 
ae 
=4(Qo+2-F) +205 + 208+ 8), 
where S50 and 4% are determined experimentally; a is the average amplitude of 
oscillations of control surfaces around the program position, 


Since in the calculation angles of deviation of control surfeces 1 and 3 do 
not appear, then for a determination of the total loss of thrust on the con**ol 
surfaces this formula fis used 


Xp 4(Qo+ 1) + Biles eb edl, 3 
where there is designated 
= 4(Qe+2$). 
eg DB. 


Member ca, for convenience of calculation, is presented in a somewhat 
different form: 


CAS =e ho hme? vey 


on 
cy is taken depending upon the Mach number M (or quantity w = MSy; where ay is the 


speed of prepagation of sound on earth} and the Reynolds number (or altitude of 
the flight) with a correction for angle of ettack; the ratio ef Po is taken from 


tables of standard atmosphere depending upon the altitude of the flight. 


where there is designated 


The acceleration of gravity g is calculated by the formula 
& 
Sh: 
where the acceleration of gravity at the surface of Earth fo should be determined 
devending upon the letitude of the point of launch by the formula 


z= 9,7805 +. 0,0519si8?¢, | > |- 


The altitude of the flight of the rocket above the surfece of Earth is 
determined ty the formula 


ham y+ Ar, 
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where 


Po 
(Man H, 


mt 
y 


the distance of the powered section is too great, then the eltitude should 
be calculated thus: 


hex VIR Fy + PFS R, 





where 
R= 637) wm. 
Ma, . - rs 
Tt is convenient to record member rr; cies in @ gomewhet different form: 
ewes 
t 
ty —~ 2 9 pm%s 
0298 az 0, — OF ne 6’ (oP) 
Ia, AS = a5 OT ae fy 
é oo 


ae. 
Here con and c_ are taken from tables of aerodynamic coefficients’ depending 
upon the M number; 2 ft is the quantity constant for the rocket; x,_/i is taken 


from the graph or table? which is most convenient of all to have cepending upon 
the mass of the rocket, 


For the integration of equations of motion (27.1) there 1s used the method 
of Adams. For the calculation of initial points there ig applied the method of 
consecutive approaches, proposed by Acad, A. N. Krylov, who recommended the Adams 
Method for solution of the basic problem of external ballistics. During in*eeresion 
of equations of motion (27.1) it is necessary to use certain final relstions: 


Bu — A(o— y, sin ® + y, cos 6), 
=A Oy — hh — 
bg = — (1 — A} Gag — ¥5 — 8), 


where A designates the quantity 


Ax 7 {f, ~ 2y) = 
Bagh (hy —~ 24) + 6,05 (2, — 24) 
i 
eae ee (7 -F) 


we (PF) Fes (0) 


Here @. 13 the coerficient of the stetic Jepenience between the angle of deviation 
of the’rocket's axis and angle of deviation of the jet vanes 2 and 4: 


8, = 0, = ay Ag. 





itnese are formulrted in the process of designing of the rocket in the form 
of weight, centering and aerodynamic designs. 
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Value ay depends on characteristics of control system and controls and should be 


assigned, Equations of this paragraph allow both a constant and variable value of 
8p: Further, R' is a derivative of lift of the jet vane according to the angle of 


its deviation. R' depends on the configuration and area of the jet vane and 
characteristics of the gas stream. Considering the angles of deviation of the 
control surfaces small, and the characteristics of the stream and control surfaces 
themselves constant in flight, it is possible to take R' as some mean value. In 
reality, because of the burning of jet vanes and the change in characteristics of 
the stream, R' does not remain constant, but this change, as experiments show, is 
small. 

The values 4° Yoo Y3 necessary for calculations, considering the rotation of 


the launch system of coordinates, are calculated by the formulas (16.4): 


Y¥, = @,f cos , cos ¥. 
Y, = @,f sing,. (27.4) 
Y¥,= — @,f cos 9, sing, 


where 
e, = 7.2921. 10°*f 2 |: 
i latitude of the point of launch; y — azimuth of the direction of firing. 
The true position of the axis of the rocket is determined by angles 


: © = Get Ag, 
E == (1 — A)(o— y, sin® + y, cos 6). 
The third and sixth equation of the system (27.1) can be integrated from a 


certain moment t # 0. As such moment it is recommended to select the end of the 
vertical section with initial conditions 


@ = 90° — y,, 
Gum y,. 


In all calculations the program change of the angle of inclination of the 
axis of the rocket ey should de assigned in the form of tables with an interval 


equal to the step of numerical integration. 


Equations of motion obtained in § 14 differ from equations of § 16 only by 
the absence of members considering the departure of gyroscopes with respect to 
the terrestrial system of coordinates due to the rotation of the latter. Therefore, 
all calculations are somewhat simplified. The system of equations itself has 
such a form: 
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= ie- Xip—¢45)- gsin@—z £ con®, 


§ ae 


~]3[p-ewt aa = 


a[3 as 
ogee, 


=F | 

A — cond + « £sin0] + 2a,cong, sng. 
(27.5) 

J 


Be: 


= Lip x + pees] +og sin} _ 


Ci 
+ 


-&(8 


i 
— da, (sing, cos @ — cos q, cos ¢ sin 8}, 
£ = wcosé, 


; = = wsind, 


no, 


ma (7) 

mh (F Ft) tet (ca) 

6, = 6, dp. 
© = Oy + be. 


A= 


wnere 
k 


hing said with respect to the caiculation of separate values for the 
quations (27.1) and its integration remains in force for the systen 


rajectory, neglecting the rotation 


For the calculation of the powered-flight t 
1" control system (= mj), it is necessary 


ef earth and in the assumption of an “ides 
to use the system of equations (18.25); 


a 

4, 
ifs —@ Fo7f : 
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— gcos 0+ = evuol 
x 
z= vcos8, 


as ©sin 6, 
aug, — 6. 
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Tf @ change in 6 tn time is known beforehand, anid ‘ne program change of the 
direction of the axis is unknown, then the second equation of the system written 
above cen de used for the determinatior of a ani o : 

ay 


we (et ecee—F ems) 


Pm het poe tes 
Pug = 0+ 


. 


! 
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Simplifications, as a result o“ which the last system was obteined permit in 
the calculations disregarding the change in flaw rate per second o° mess and the 
change in losses of thrust on the Jet vanes depending upon their deflection and 
taking 2s their mean value (X, a Xs5 ep tg the average loss of thrust on the 


det vanes). In exactly the same way the thrust itself is determined by neclecting 
thease cnanges, taking into account only the eltitude perfarmafce of the engine 


Pam Py + Sum(i ~ £). 


with the necessity of determining the angle o | deviation of program control 
surfaces it is possible to use the expression 


45S (4,—*,) 
ym — Seay GeO 


Finally, the simplest a;stem of equations of motion is the system {14.40}: 


Wee ofl dt 8 ne te manent Nene m4 


a a ee 
$= PCOS Egy. . 
J = cosine, 


obtained from the system of equations (14.25), if we disregard the angle of attack 
& and member xs. 


Since the system of equations (14.30) is used for rough calculations necessary 
mainly in the designing of the rocket, many parameters and initial dats can be 
not completely accurate. Therefore, here there is no sense in considering the 
accretion of thrust after switching on the engine. Flow rate per second and loss 
of thrust on jet vanes are taken on the entire powered section to be constant. 
A change in cy depending upon altitude is also possible not to consider. Owing 


to these peculiarities the step of integration can be selected sufficiently lerge, 
i.e., up to 4-5 s, and sometimes more. 


§ 28, Calculation of the Coasting Trajectory 


In § 15 it was shown that the main factors affecting coincidence of calculation 
range with the actual are perfection of the control system and accuracy of 
calculation of the section of free flight. During ideal operation of the renze 
control system any error in the calculation of free flight section will lead to 
a divergence between the calculation of sections of “ree flight with firing at 
the outlined target or with compilation of tables co” firing {s absolutely necessary. 
Such accuracy is satisfied by the system of equations (16.22): 
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en &, é 
wm ta _ Fmd St 


+ ay (a — 24+ by ly — 9+ 


+ Ay(Z~— 2) 7 bye, + O139,. 


fv, 
a *& 


+ @ylx — 6) + On fy —¥) + 


e &, 
—~ we — '- —vo, — Su -- Beyt 


T Ga (2 ~ 7,)-+ 4,0, + dy2,, 


fe, £; fo 
“ae tee vo, ape BOs, F 


+ Ogle - 29+ 420-9) + 


fer.1) 


+ Qylz — 29+ O47, + dpe,. 


Gar. 

dy 

a =r 

F-*. 
anere 


han SR; 


5, ™= ea sin 2¢, cosy, 

¥, = — a (1 — asin® g,), 

2, = — asin 2g, sing, 

€ 4 = 0} (sing, + cos?@, sing), 


Sy = By = — w} sing, cos ¢, cosy. 


‘45™ Cy = uh cos*o, sing cos @, 
a, = 05, cot’e,. 

Ay = Op =U) tn @, cos g, sing, 
xq = 05 (Sing, + cos" ¢, cost), 
bum — By we ~ 2a, cos @, si0%, 
$= —b, = — 2a, sing. 
ig=—bga 2a, £08 ©, cos». 


- All these values for the given trajectory are constent 
calculated beforehand; cy is determined rrom tables of 


depending upon the M number (or value w) end altitude. 


angle of attack is not considered, since it is assumed 
an angle of attack. 


Values é and yY % &re determined from tables or 


upon the altitude. 


and their values are 
eerodynamic coefficients 


Dependence c, on the 
the flight occurs without 


stundard atmosphere depending 


1 
Components of the acceleration of gravity gy. and &, #re calculated ty the 


rormulas 


£,= GF - = Gsiae, — 2). 
t= ® sing. 
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For the determination of r and Pry these formulas are used 


tm V(x-- 2° +0—- y+ — 2) 
sing, = (x — £,) cos ¢, cos yt yoy) SIN Gr — (2 — £7) COS, SIND 
Altitude 4 can be defined by formula . 
A==7r- (1 = asin?g,). 


For the celculation of angles determining the direction of the tanrent to 
the trajectory and the magnitude of velocity v we use the following relations: 


bd J 
etn. 
tgo=: — e, cos @ 
te ° 
om ve 
cos 6 cosa * 
Constants entering into the equation of motion have the values 
@ wz 6378 245 x. 
Cm J 
Bes’ , 
JM = 3.9862 - 10" —’ 


. 


ps == 26,245 - 10% Py, 


Calculation is produced by-means of numerical integration of equations of 
motion by the Adams method. Initial conditions for integration are parameters o* 
the end of the powered-flight trajectory. 

The examined system of equations of motion for free-flight section (23.1) is 
not obligatory for all ranges. For ranges not exceeding [00 km it is possible to 
use equations given in § 15 in which the flatness of earth is not considered: 

Sex —he, S v0,— £ janet 4,(R+ y)+ 
HA Oyz + 4,20, + d,39,. 
e £ 
ip a Gey — RAMA net 
+ ag (R+ y) + Az + 40, + by9,. 
d e 
St w= — he, &00,— $2 + one t 


at 
+ Oy (R+ Y) + 6x32 + 63,0, + On). 


The remaining equations and relations remain as before, with the exception of 
expressions for By E v and h, instead of which one should use formulas 


c=. 
r= V(R+y +x ++ 2*. 
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If the flatness of earth is not considered, then 1t is recommended to use 
; the calculations only as long as drag has an influence cn the motion. The 
subsequent part of the free-flight section should be calculated by formulas of 
elliptic theory obtained in Chapter ¥V. With this it is necessary to use the 
transition from the absolute motion to the relative, as was shown in § 17 and 
§ 20. The sequence of calculations is the following. 


Le ee eth 


2 Naving initial date Xu Vw Zaye x. ¥, 2 


» we turn to the suxiliery system 
H # H H 
of coordinates: 


| £5 = — (x, cos $— 2, sin¥)sing, +(R + y,)cos¢,. 
Ya X Sing + Zz cosy. 
2, == (5,608) — Z, sin §) cos q, +(R + y,}sing,. 
we determine the components of sbsolute veleoity in this suxiltary system: 
¥, = —(£,cos 9 — Z, sin¢)sing, + y, cos 9, — ayy’. 
¥L =X, Sint +2, cosp+ta,z'. 
21 = (x, cosy — 2, sing) cos¢, + y, sing,. 


We find spheric coordinates of the initial point (longitude is read off from 
the point of leunch) 


y, 2. cos 2 
n=. eee to. ya. 
*. * 8 ¢,, 
We determine the components of ebsolute velocity ebout the meridian, pereliel 
and radius of Earth: 


O.,== — (2. cosh, + y’ sin d,)sing,, + 25 cos@,,. 
Oi, = — £, sind, + y/ cos, 
©; = (x cosh, + yt sin L)cosq,, + 2, sing... 

We calculate the absolute azimuth 


den eee Aen nme eee nee mei eye tet 


+ Se 
.a--——. 
Sen 


angle of inclination of the tangent to the absolute trajectory 


¢ ¢ 
rm cos te ®,, tia * 


gi= 
en “as 
and quantity of absolute velocity 
, %& 
°=-——. 
* stad, 


We further determine the auxillery varameter uw 


ve Pale 

Yo ar (7 = 3.9962 - 104 = ). 
3 we calculate the central angle in absolute motion 
. vig, 
2 ite_— | 
calculate the auxiliary quantity x from the relation 


ig 


I-w 


008 x. 
. V1—@Q—v,) v, cos’6, ° ‘ 
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where Orica, and find the time of flight by «the formula 


o = 5 (x00; + Venn =): 


We find the geographic coordinates of the end point (lying at one altitude 


with the initial point * rr.) 





lBE_p = sin g,, cosp’ “+ 605 ¢,, sing’ cosy, 
‘ an §’ tag. 
sia, dele mae +e 
and determine the azimuth at the end point 
Ot, Cee 
He 
Then obtain the components speed at the end point: 


sing, = é 
Pp = 0, cos 6: cos @;. 


p= v7, C08 0, sin t, — ayy, cose... 
= — 0) sin 0) me ~v.. 


and find the azimuth and angle of inclination of the tangent at the end point in 
relative motion 


etm. 
et, a ete = *p tee 
ad ap 


_ also magnitude of relative speed 


® 
waa, 

To determine only the full range the formulas of elliptic theory can be used 
up to the point of impact on earth, since atmospheric drag on the descending 
phase of the trajectory for distances over 600-300 km does not have considerable 
influence on the range. 

with the necessity, to determine, besides range, other elements of the tra- 
Jectory on the fall section in the atmosphere, for example, acceleration, speed. 
(84). follows, starting from moment t', again to use the system of equations 

-1). 

In thie case after calculation of the section of fall in the atmosphere with 
initial data ty, Op». q:p. Gp. Ap= kh, by equations (28.1), we again introduce an 
auxiliary system of coordinates in which we determine coordinates of the point of 
npact by the formulas * 


== — (4,008 bp — £, in @,) sing,» +(R+ ¥c}°°S @,p- 
' == (*_ cost, — £,sin},) cos ¢,, + (R + yo) cine y- 


1h 


Then we find geogrephic coordinates of the point o> impact 


CA — Am. 


18 c= ESTA) 


A +e 


efter which there is determined the ezimuth of direction on the pcint of impact 


cos g, — cos A. sie 
cig tee EN ‘ae ® 


and full fiving range 


cong. sink. - 
OE 
staf. =< e. L= Rfe. 
Lateral deviation from the sighting plene can be defined by formulas 


Sin 3¢ = Sin Bo sin (Yoe — 9) 
2c = Rio. 





In the ease 0.’ the calculation of « trajectory for the purpose of Jeterminetion 
of mean flying characteristics, it is possible to use the system cf equations 


(15.12): 
dv ic. 2 2 
Bam beg a (E-Fe)s 
de » « 2 
we =a ov, —(£—FelRty. (28.2) 


Gar. 


Yne, 


Speed and angle @ are determined by the formula 


@, 
goa. 


=< Sh: 
Altitude above the surface of Earth can be found by the formula 
a= y+ he, 


where Aha $e is determined depending upon coordinate x. It is possible also ta 
calculate the altitude as 


bm VRE WFR 


: During calculations of trajectories for 4 very great distance it is more 
eonvenient to use the system of equations of motion in polar coordinates (15.1°): 


F— rp — he, & or —g+zey. 


Pht 2h = — be, F ory. 


(28.3) 
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Introducing designations smur3z. — doubled areal velocity of the rocket with 
respect to the center of earth and fas Rg — distance along the arc of earth's 
surface, it is easy to obtain from the system of equations (28.3) the system 
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i ds 
po ana hem 
BO og ‘ & a 
ben! Bm Gn FE ov, —(e—Jey). (28.4 
= o ord 
Da ante 
po ak 
poe ans: 
i The speed and angle of inclination of the tangent are determined from the 
relationships 
v, 
we (78.5) 
Om s 
rtosd * 


- The values é. V 7 and @ necessary for calculation are taken from tatles depending 
upon the altitude. It is usefully also to have the table of values of the quantity 


e— Jey. als dependent on sititude. 


§ 29. Use of Electronic Computers for Check Calculations 





wee 


Not touching upon the technology of the programming of problems for cerrying 
out ballistic calculations, we very briefly will dwell on certain distinctions 
between manual and machine calculation. 


sot ieee 


This, first of all, is the method of assignment of different variables, which 
with hand calculation are assigned either graphs (for example, aerodynamic and 
centering characteristics) or tables (for example, parameters of the atmosphere) 
allowing linear interpolation. In principle it is possible in machine calculation 
to use tables which permit managing only by linear interpolstion. However, such 
tables are bulky, occupy impermissibly large capacity in the operative storage 
of the machine, or, being placed in devices of external memory, require frequent 
appeals to these devices, and thereby sharply reduce the rate of work leading to 
unproductive expenditures of machine time. Furthermcre, the preparation anj input 
of these data into the machine also requires additional rather long time. 


The most widespread, therefore, is the method of assignment of similar 
cependenses with help of polynomials. An approximated curve is divided into 
series of sections, each of which can be represented in the form of a polynomial 
(usually third degree) with required accuracy. Neighboring sections should give 
with equal arguments equal values of the function and its first derivative. 


The most convenient form of the recording of such form of polynomials is: 


y=" NO — WE — WP +E — Yi — Ya — ey. (29.1) 
where 
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a= (4). =(2)e—20 
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¥4 and Yo are veluee of the approximated function on ends of the sections (i.e., 
when x = x, and x = Xo)s and (Z) sri (3), are derivatives ait. the same points. 
+ i 


If for some reasone it is impossible to calculate directly the values of 
derivatives on the ends, then it is possible to use the following method of their 
determination, We divide the section into three equal parts and take from the 
graph values y,, ¥,+» Ys, and y, corresponding to x,, X.,, Xq» and x,. Values of 

4 2 3 4 1 2 3% 4 
derivatives! 2) and (2). with the condition of passage of the pclynomial through 
‘ 1 


all four points, are determined by the formules 
ey —H 18y, — 

a-(Z),= 2 . 

wm (J) aR tag atin, 


Here 


Bae SAL, 
“uz; 


It in possible to divide the section into four parts, as was shown on Fig. 29.1. 


From the condition of passage of the polynomial through the designated four 
points, it is possible to write for derivatives on ends of expression 


a=(Z),- Hy ty ate . 
wn (= Satine, 


. he process of the selection of coefficients and partition on the necessary 
quantity of sections can also be assigned to the machine. This operation is 
fulfilled before c*nd, and with the basic calculation of the trajectory there are 
used sections and coefficients already selected by the described method, 


In certain cases it is more convenient to use not the approximating polynomials 
but additional differential equations integrable in parallel with the basic 
system cf equations, For example, instead of determining the pressure and density 
of the atmospnere from tables or with the help of expressions (4.3) and (4.4 
containing the integrals, it is possible to use differential equation (4.2), which 
is reduced to the form 


$--0$--#4. 


The derivative dr/dt, using relationship (1.2}, can 
be replaced by the expression 


$e tlet+ nyt :G424|= . 
= x0, +(R+ y) 0, +20, : 


Fig. 29.1. ‘ 7 oe 
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. This equation should be joined to the system of differential equations of motion. 
An increase in the order of the system does not cause fundamental difficulties 
during its numerical integration, but it is cimpler to calculate the right side 
of equation (29.2) than to find value p with the help of approximating polynaulels 
or from expression (4.3). Function T = T(h) entering into equation (29.2} consists 
of several linear sections, and therefore is also very simply calculated. Air 
density 9 is found with help of expression 


7 
wa tK 


However, density in equations of motion is present only in the expression for 


impact pressure 
n=. (29.3) 


which can be transformed in the following way: 


ARR ee Sma 


= 5 9(0 My. 


where M is the Mach number and a, the speed of sound in air, whith is expressed 
by the formula 





am af, 


k = 1.405 is the ratio of heat capacities. Thus, 
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a= 5 pie. (29.4) 


Since p and M are used in viher members of equations of motion, expression (29.5) 
is more preferable for Inpact pressure than (29.3). 


For integration of equations of motion it is convenient to use the method of 
Runge-Kutta. Selection of the pitch of integration depends on problems formuleted 
beforc the calculation, If only final results are important then it is better to 
use the automatic selection of pitch, assigning the required accuracy of calculation. 
If, however, it is required to obtain all elements of the trajectory with respect 
to time of flight, then it is better to conduct integration with the assigned con- 
etant pitch, which should not be greater than that permissible from conditions 
of the assigned accuracy of the calculation, - 


It is recommended to integrate in parallel the apparent acceleration of the 
rocket (load factor multiplied by g,) in the projection on the longitudinal axis, 
since the corresponding integral daparent Seeaal in many cases is the tuning 
value for the automatic range contro] machine.? 


Machine calculation is very convenient in the solution of boundary value 
problems. Most frequently encountered is the problem by definition of the azimuth 
of sighting and moment of turning off of the engine {1.e., initial conditions), 
providing a hit at thr point of the earth's surface with the assigned cocrdinates, 
rectangular or, more frequently, geographic. Of the number of possible methods 





‘concerning the flight range control see § 36 and § 37 of part three. 


4 Anatmeeeneemnien: 
‘ ent neta AL A AARON eC armprNae tate enreer 








of the solution of the boundary value problems we will explain only one, founded, 
essentielly, on the successive approximation to the assigned boundary conditions 


with the help of the assumption of the linear dependence between assigned coordinates 


and initial conditions. 


Let us designete % and Xo — the assigned latitude and longitude of the point 
of aiming; to and Yo — unknown initial conditions, 1.e., time of turning off of 


the engine and azimuth of the direction of aiming. In the beginning calculation 
is conducted of a certain reference trajectory at some values t = € and y = 
and corresponding values 9 and X are determined: then there are computed two 
trajectories, each of which differs from the reference because of some deviation, 
&t or At, Ratios of obtained deviations “Ap and AA to deviations At or Av are 
taken for the corresponding derivatives 


a a we 
a’ a’ oy a 


Further, assuming the dependence between assigned coordinates and initial data to 
be linear in the whole interval, we determine what should be the corrections of 


Aty and AY, for € and ¥ in order to fall into the assigned point. For this we 
solve the system from two equations: 


Aqr==qo—F =F At, + Ay, 
MM, =h—T= Fat +H ay, 


Let us take new values ty =t + At, and vy =WV+ AY, and again calculate the 
trajectory and obtain coordinates of the point of impact 4 and Aye Again taking 
this obtained trajectory as a reference, the whole cycle of calculations is 


repeated. The process continues until we obtain coordinates of the point of 
impact with the assigned accuracy, 


§ 30. Compilation of Preliminary Tables of Firin 


Preliminary tables of firing are compiled by calculation data and contain 
basic values by which setting of instruments controlling distance is produced. 
Preliminary tables of firing are used with the conducting of experimental firing 
from the assigned point of launch according to the assigned direction. Therefore, 
before we proceed to their composition, it is necessary to know the latitude of 
the point of launch and azimutn of firing. Regarding the method of compilation of 
these tables, it consists in the following. 


From the most exact equations of motion which can be used for calculation of 
the trajectory in accordance with the presence of initial data calculation is 
produced of the powered-flight trajectory. 


For the calculation of sections of free flight there is selected a series of 


-moments of the turning off of the engine. The points of turning off are character-— 


ized by elements of the trajectory tia? Xieq? Vueq? Vi? Oa? where 1 = 1, 2, «woes 
n is from the quantity of selected reference points. 

Calculations are made for n free sections and for each of them the following 
are determined: L — full range; Cy — setting of the instrument controlling the 


range (turning off the engine), and other interesting characteristics of the 
trajectory, for example, Ney — maximum altitude of the trajectory; Vea 7 speed at 


peak of the trajectory; vn speed at point of collision; Ty — full time of 


flight, and so forth. Taken as the basic parameter depending upon which other 
‘values contained in tables of firing will be determined is the range L or setting 


of instrument C. 


any 


. 
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With the help of one of common methods of interpclation basic elements of 
the trajectory for any intermediate values of Lor C are determined. For exemple, 
if there is used the Lagrange interpoletion formula 


Gm age = A teh 
ye vy — i— a) ae) tl 





tnen into 12 are substituted: 


instead of ¥qe ¥or coos Vn om velues of some element obtsined as «» result of 
the calculetion of n trajectories; 


instead of x4, X5, ..+. x, — values of L (or C) cbtained as a result of the 


calculation cf n trajectories; 


n 


inetead of x ~ the intermediate velues of L for C) for which it is desirable 
to determine other elenents of the trajectory contained in the vreliminary 
tables of firing. 


It ie not recommended to take number of reference points n too large (atove 
nw 3-4), Even if there is calculated a great number of reference trajectories, 
then for interpolation one should use not all the obtained data but only data 
from three-four reference trajectories nearest to that for which interpeleation is 
produced. 


In the described method of compilation of preliminary tables of firing which 
are usually used curing manual calculation, the selective reference points are, 
in general, arbitrary, and it is necessary only to see to it that they more or 
less evenly cover the whole assigned range of distances. 


In the use of electronic computers there is the possibility of solving seversl 
boundary problems from a number of assumed purposes and determining e11 the 
necessary adjusting data for instruments and elso flight paths precisely for these 
purposes. 


It is useful to supply preliminary tables of firing by tables of corrections, 
which allow considering the influence of small changes of design characteristics 
of the rocket and sighting data on the flight path of the rocket, in particular, 
on coordinates of the point of impact. Methods of calculation of such corrections 
are examined in the next chapter. 
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CHAPTER VIII 


FORMULATION OF THE PRORLEM 


§ 31. Certain Information From the Probability Theory 


As is known, if quantity u is a linear function of independent random 
quantities x, ¥, ..., t 


a= ax-+ by ...+ kf, (31.1) 


where these values have normal distribution with mean values x, y, ..., t and 
standard deviations ox, oy, ..., ot, then quantity u also has normal distribution 
with the mean value of u equal to 


Buz ax-t-by+t ... At 


and with standard deviation ou equal to 


Oa =x V (aox}'+ oy} +... +(katy. (31.2) 


In the theory of firing dispersion frequently is characterized by the 

proven. {mean deviation B, connected with the standard deviation by relationship 
Oo. or e maximum deviation 4 there is usually taken such a value 

that the probability p of obtaining greater (in absolute value) deviations is 
quite small. This value is also connected by certain constants proportionality 
factor with the standard deviation o. Thus when A = 4P = 2,6980 = 2.70 the 
probability p is equal to 0.007, and when A = 30 p = 0.003. Thus the maximum 
deviation is a conditional concept, but rather convenient for practical purposes 
if, one were to thoroughly remember its meaning. For probable and maximum deviation 
of random variable u formulas being the result of formula (31.2) are correct: 


Baw Y (a Bxy + (6 Byy + coe + RBS 
Aum VY (a Axp + (dy +... Fea. 


It follows from this that if u is the common function u = f(x, y, ..., t) of 
independent values x, y, ..., t. obeying the normal law of distribution, and the 
maximum deviations Ax, Ay, ..., St are so small that partial derivatives 


and 
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. then the mean value u can be determined by the formula 


Sarg LE- 304+ LG-w+ + SE- (34.3 


s Where XQ+ Yor eves ty are certain fixed (nominal) values of quantities x. ¥, w+, 


t, quite close to the mean values these quantities kX, ¥, .... EF (so that 
IX -~ xi < &* and so forth), and ty * f(xy, Yor +--+ t.)- 


The root-mean-square, mean ard maxim deviation of quantity u @re expressed 
by the following formulas: 


wn (Zz ox) + (geoy) +. + (Lau) . (21.4) 
Bem y/ (Lal (Z By) + ie +(# By). (31.5) 
bsmy (Lae) (Lorl+ ... + (Fs) : (31.6) 


In formulas (31.3}-(31.6) there is a difference between the systematic 
deviations and standard, mean and maximum deviations. If systematic deviations 
are added, as formula (31.3) shows, according to the law 


mga Lert tG-wt + 46-9 


fin similar cases will say that quantities are added algebraically), then the 
standard, mean and maximum deviations are edded according to the law expressed by 
formulas {31.5)-(31.6). We will say that such values are added geometrically. 
Let us note that separate probable deviations are added algebraically: 


- @ = - . 
emt Ler Ht Ly H+ nee +$e- 


§ 32. Formulation of the Probtem of Dispersion 


During firing vy long-range rockets there eppear both accidentel and systematic 
deviations. Consequently, actual trajectories of the rockets differ from the 
calculation and for every rocket released differ in their own way. 


What are the causes of the deviation of the trajectory of the rocket from 
the calculation? 


First, a whole series of constants entering into the equation motion ectueally 
has values distinguished ?rom those which are accepted during calculation. The 
most important of these values are the following: initial weight of the recket, 
nominal thrust of the engine con earth determined by the specific thrust and 
flowy rate per second, adjusting data of control instruments, parameters of the 
atmosphere on earth, and so forth. 


Secondly, the actual laws of the change in the number of quantities from 
law accepted during calculation. Such laws are the accretions of thrust and flow 


rate per second with the switching on of the engine and decrease in these 
quentities with the turning off, changes of Slow rate per second in flight. changes 
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of aerodynamic coerricients, changes of the angle or im -ination of the axis of the 
rocket, changes of parameters of the atmosphere on Al‘ i:ude and so forth. 


Thirdly, a number of factors, in general, is not considered in equations of 
motion. Examples can serve as perturbing forces and moments appearing as a result 
of geometric asymmetry of the rocket, *he presence of angles of attack during 
free flight of the rocket, etc. 


Such a division is to certain degree conditional, For example, by methods 
of the theory of random processes (random functions) practically all possible 
forms of the law of change of any quantity can be represented with a sufficient 
degree of accuracy in the form of a family, depending on several independent 
accidental parameters. These parameters on a level with constants of the first * 
group determine the flight of the rocket, and the influence of both those and 
others can be investigated by identical methods. 


Regarding the third group of factors, it depends on the form of equations 
of motion utilized for calculation of the trajectory. In principle it is possible 
to write the equation of motion considering any factors whose physical manifestation 
is quite well-known, but these equations, in view of their cumbersomeness, by 
far cannot always be used for numerical calculation of the trajectory even on 
electronic computers. Therefore, for an appraisal of the influence of such factors 
on the flight and dispersion of rockets there have to be developed special methods, 
Usually problem is reduced to proof of the possibility to disregard these factors, 


All quantities causing dispersion, be it deviations of constants from their 
nominal values or deviations of variables from nominal laws of their change, or 
causes which are not considered in equations of motion, will be called perturbing 
factors, Perturbing factors can be both systematic and accidental. Certain 
factors, for example, deviations of aerodynamic coefficients from their computed 
values, have chiefly a systematic character, while others, for example, deviations 
in specific thrust of the engine, are chiefly an accidental nature. 


In deriving general equations of motion for the solution of problems of 
ballistics, we disregarded oscillations of the rocket with respect to the center 
of gravity, since they affect little the motion of the center of gravity. In the 
same place it was noted that the law of change of the angle of inclination of the 
tangent affects little the flying range. 


Therefore, during the investigation of dispersion we will consider the angle 
or inclination of the tangent the assigned function and will assume as a basis 
only the first, third and fourth equations of the system (14.25), where during the 
calculations we will disregard the member with B+ For the section of free flight 


we will use formulas of the elliptic theory. The influence of the rotation of 
earth wil) be disregarded since it leads only to systematic deviations from the 
trajectory, calculated neglecting this rotation, and only for very large distances 
is it necessary to be considered with the dependence of this deviation on the form 
of the perturved trajectory. 


Thus, the investigation of motion of *he rocket consists of the following 
basic stages: 


1. Preparation of initial data: determination of basic design data of the 
rocket, engine and control system, sxposure of perturbing factors and an appraisal 
of their random characteristics (mean values and standard deviations). 


2. Ballistic calculation, having as its purpose to determine with a certain ° 
degree of accuracy the average motion of the rocket with about nominal values of 
all the design parameters, neglecting perturbing factors and oscillations of the 
rocket. 


3. Calculation of stabiiity of yawing motion as a result of which there is 
determined the influence on the flight of the rocket of those perturbing factors 
which cannot be introduced into the equations of motion for ballistic calculation 
and also of oscillations of the rocket about the center of gravity. 
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With calculation of the stability of yawing motion examined jointly are equa- 
tions for angles of the direction of the tangent (@ and c}, equations of the 
motion about the center of gravity (for 9, €, 4), and equations of control (for 
angles of deviation of effectors). Values of speed and coordinates of the rocket 
are taken from the ballistic calculation, since their deviation affect little the 
investigated values. When necessary deviations of speed and coordinates can be 
examined as perturbing factors. 


4. Calculetion of stability in longitudinal motion or calculation of range 
dispersion, the assignment of which is to determine the influence on flight of 
the rocket of such perturbing factors which can be clearly introduced into equations 
of motion, not changing the form of the latter. With this there are examined 
jointly equations of motion of the center of gravity of the rocket (for speed and 
coordinates}, and the direction of tangent (angles 6 and o) and other angulor 
values in which the necessity can be met are taken from the ballistic calculation, 
gince the influence of deviations of these values on speed and the coordinetes is 
small. If this is necessary, deviations in the direction of the tangent are 
introduced as perturbing factors. Of course the scheme of the calculation of 
range dispersion can and, in certain cases. should be complicated. But since the 
formulas only become somewhat bulkier, and the methods of calculation of dispersion 
in principle are not changed, then we will limit ourselves to this simplest scheme. 


The main problem will subsequently pe the analvsis of questions connected with 
the calculation of range dispersion. We will start from the determination of the 
influence of small perturbing factors on the trajectory of the rocket and only 
at the end will establish the connection between average characteristics of 
dispersion cf these factors and appropriate characteristics of the dispersion of 
rockets. Since systematic and probable deviations are added algebraically, we 
will not make a distinction between them until the question is about average 
characteristics cf dispersion. This means that the obtained results can be 
applied not only to the investigation of dispersion but also to determination of 


the influence of small changes of design parameters of the rocket on its flying 
characteristics. 
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CHAPTER IX 


INFLUENCE OF SMALL PERTURBING FACTORS ON THE TRAJECTORY OF A ROCKET. 
CALCULATIGN OF GISPERSION 


§ 33. Deviations on the Powered Secticn ci the Trajectcry 


AS a concrete example we will =z've the general method for investigation of 
the 'nfluence of small perturbing factcrs clearly entering intc equations cf mcticn 
on the trajectory of the rocket. Equations cf motion for the powered section will 
be taken in the form 





Z =vsind. (33.1) 


where according tc (10.16), (6.15), (5.23) and (3.3) when m = const 


P= as’ —S,p. (33.2) 
Xymteg tis, (33.3) 
X—me, FS. (33.4) 
mao my mt. (33.5) 


Quantities n, ut, Cg Ups 55 will be considered random, i.e., variable from rocket 
to rocket, but constant during the period of the powered section. We will assume, 
ag earlier, that m and u’ do not depend on each other, that the density Pp of the 


gas flow incident on the control surface is proportional to the flow rate per 
second m, that the coefficient of drag of control surface c, is inverseiy proportional 


to the speed u_ of flew incident cn the control surface (law co const/M is fully 


acceptable for small changes of the M number of the gas flow), and finaily that 
quantity u. is directly proportional to the fictitous exit velocity ut. Then 


expression (33.3) for the drag of jet vanes can be rewritten in the form 


where k is a certain constant, and the thrust after subtracting losses on the 
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control surfaces can be represented by the expressicn 





P—X,=(1-- kb) ma’ — S,p= GP, ..—- Sprt. 


where 
















i-e 
&e 


is the specific thrust of the engine in a vacuum taking intc account losses on 
control surfaces, which distinguished only hy a constants factor from the fictitious 


exit velocity ut; G = Boi is the weight of the flow rate per seccnd or fuel. 





Prap= 


In order to consider possible deviations cf the coefficient of drag c, on the 


computed value, let us introduce into formula (33.4), as is accepted in ballistics, 
the form factor 1: 


Kete  sn e, o. 


Finally, the expression for mass m will be written in such a form: 


t 
Equations of motion take the form 
a O a—& — g sind, 
S = vcose. 


Let us investigate, in particular, the influence on the trajectory of small 
deviations of the following parameters with which will assume the designations Ye 


Aa = Gy — initial weight; Xo = ¢ — flow rate per second; A, = P, — specific 


ips 3 yu.rep 
thrust; Ay = coefficient in the expression for drag; rs = S,Po — coefficient 
of altitude performance. 


coefficient Ay can change both owing to a change in the form factcr i and 
due to the air density m earth Coefficient Ag is considered the possible change 
in air pressure on earth and also the change in altitude performance of the engine. 
Finally, in order to consider possible deviations in the form of the trajectory 


from the calculation, we will consider the angle of inclination of the tangent @ 
variable according to the law 


O == 6... + Ag + If. (33.7) 


The member 6 constitutes a constant deviation of the angle 6 from the 
calculation @ ew’ and the member t is a uniform departure of this angle from the 


As an exercise the reader is offered to examine the system of equations which 
will be obtained if the system (33.1) supplements the equation 


calculation law of change. Nominal values of parameters 6 and re are equai to zero, 
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serving for the determination cf 6 jointly with v, x and y. 
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Expression (33.7) snould be replaced by expression 


-{ tp whet: t<t, ° 
9 Geet ret ijl—t) wan E> ty 


where Xe and Xo have a former meaning but determine the error in the assignment . 


| 
4 
. 


or the program of the pitch angle, and ty is the time of the beginning of the 
£ program turn. Possible deviations from the face value of the function 
ey h—-x, 
a 


. 
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can be disregarded. For an expanded system it is possible to make calculations 
fully analogous to those which will be made in this and the following paragraphs. 


The general form of equations of motion (33.6) with the accepted designations 
is the following: 


Me a ill, Ye Bae Bn Dy Das Boys Dee Deh 
AY. on frlt, 9, Dye B, (33.8) 
Hw fit, 0 dy te 
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where 


Ags — 2s 2 ay, & 

S80 ss ia —g sin Bprca-t yt Pao). 
: J=0 80 Opeey + bg + 120 

$= 9605 (Opera + 24g + AG) . 


: Under initial conditions 


(33.9) 


ex 0, yes O, x=0 (¢=0) (33.10) 
the solution of system (33.8) has the form 


wmf. 2. Ay -.-. A) 
yorqy, 2, 2). .-.. 1). (33.11) 
xme@,(f, 2, 2... 2). 


These expressions show that speed and coordinates of the center of gravity of 
the rocket depend not only on the time of flight t but also on values of parameters 
Ags Aos coos de Let us investigate this dependence. At small changes of time t 


and parameters Ay one can assume that 


| | 
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$ Ad,, (33.12) 


i.e., the dependence v, y and x on bY will be determined as only partial 
derivatives x will te known. 


Let us introduce the designations: 


Bias, SS wy, Mas = Zine 


af Of; of, 
Fe = Ay. a 2). aig Bia: 


(33.13) 


All these partial derivatives should be computed at nominal values of parameters 


of Ay and at values v, x, ¥, € taken for every value t from the calculated trajectory, 


In these designations the dependences (33.12) take following form: 


4s=oo0ar43 24, A2,. 


7 
dy=yht +S Zap Ady, (33.14) 
Quantities v, y, x are determined with integration of the system (33.8). In 
order to obtain a system of equations to determine values use interesting to us, 
we will differentiate equations of the syster. (33.2) with respect to Aye Since 


under the sign of functions f, on parameter A, depend only v, y and A,, we will 
obtain: i 7 K 


HSE RH RH. 
£ (2) BR +ih. 
2G) Ee 


Let us change the order of differentiation in the left sides of these 
equations and use designations of (33.13): 


Six O42, + SF 2e + Bua 
SR = 0214+ Bae (33.15) 
SP mm Ott Bae 


This system of linear differential equations with definite assumptions (existence 
and continuity cf partial derivatives S35 and Baye 1, J=1, 2, 3, Kw i, 2, ...; 7) 
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can serve tc determine quantities Zaye Strict gree: .. 1.13 affirmation can be 


found in the general theory cf systems of differential «quaticnes. 


Since no changes of parameters AY can influence the initial values (33,1C) cf 
functions v, y, x the initial convations for integration cf the system (33.15) 
will be Zan 7 QO when t = O, 

In order to find evident expressions ror partial derivatives My and Bias 
we will differentiate expression (33.9) for tunctions £, with respect Lo v, y and 
Ays and for the simplification of results of differentiation we will use the 
formulas (in which M, and R, denote the mss and radius of earth): 


Mont. 


Let us alse take into account that the coefficient cr drag c, depends in the M 
number and on altitude y and the absclute air temperature T only on aititude, 


After rather long, but not complicated, computations there can be chtained 
the following expressions: 


Oy we em — SH (4+ FH). (33.18) 
en = Em £ [5,0 + 5 Su( Se + 


i M de, : 
+42 (04994) —Se)]+ Bone san 
ae fs on 
Su = ey = sin, (33.18) 
ey = ft = cos 8, (33.19) 
ef P—Xy—X 
f= 3 = — — a (33.20) 
ef, P, re 
= = t+ oP Ky — 4%), (33.22) 
tam iu Z, (33.22) 
tua a= SE. . (33.23) 
tam Sf — gcos8, (33.25) 
Bn = $f x — gtcos8, (33.26) 
Be: = Byy = By = By, ™ 3, = 0. (33.27) 
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Bag = vcs i, (33.28) 
By; = vf cos 6, (33.29) 
Bas = Baa = Bay == Bay = Bas = 0. (33.30) 

= —ovsin6, (33.31) 
8x) = — of sind. oo (33.52) 


Values of quantities 


M ee dey 1 or 
“.+3 3H VD’ Ty 


are calculated with the help of tables or graphs of aerodynamic coefficients of 
the given rocket and tables of the standard atmosphere ({4]. Remaining quantities 
necessary for calculation of coefficients (33.16) to (33.32) are taken from 
ballistic calculation, 


After determination of all the necessary coefficients of quantity Zk systems 


(33.15) are calculated by means of numerical integration. When these values are 
found, determination of the influence of small deviations of parameters Ar on a 
powered-flight trajectory is reduced to the use of formulas (33.14). 


§ 34. Deviations of the Point of Turning Off of the Engine 


Applying equation (33.14) to the point of turning off of the engine, we will 
obtain the connection between deviations of the time of turning off of the engine, 
speed and coordina‘es at the time of the turning off and the deviations of 


parameters , 


Ag, = v, Af, + s 21 Ad, 
a 

by, = yA, + X 2a My, (34.1) 
& 


Ax, = x, At, + Ss zy A).,. 
2 


But these three formulas for the determination of four deviations At,, Avy, 
Ay, and Ax, are insufficient. The inadequate relationship can be obtained proceeding 


from the equation cf operation of the instrument controlling the turning off of 
the engine. Let us consider the following three methods of the turning off of 


the engine: 


1) turning off at an assigned moment of time, considering from the moment 
of launch; 


2) turning off with achievement by the rocket of a set value of speed; 
3) turning off from an integrator of G-forces, 
With the turning off in time the deviation of speed and coordinates at the 


point of turning off of the engine is determined by formulas (34.1), in which 
instead of at, it is necessary to insert the instrumental error Ati of the timing 


mechanism sending the command for the turning off: 
At, a ae 
bo, = 9, At,+ Ss 21, Ady. (34 2) 


| by ¥ Ota + > 2, Ady, 
Ax, = x, At, + 5 xy, A?,. 
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In the case of the turning off with speed the deviation of speed at the time 


of turning off from the assigned value constitutes an instrumental error Av. of 
the instrument measuring speed: u 


Av; _ Ao,. 


The prime will denote quantities pertaining to the turning off of the engine 


with speed. 


By formulas (34.1) we find the deviations of remaining quantities charac- 


terizing the point of turning off of the engine: 


where there is designated 


e 1 Y Zen 
afj=n > Av, ~ Dean, 


‘9 y 

Ay; = 2 Ae, + y (2 ~H Zu) Ad,, 
1s x 
i= Ao + y (2m 3 tu) Aly. 


o 1 ° 
Aft, =z Ant) zn AA,. 


Ao; = Ao,. 


; 34.3 
by\= 2 Ae, + > z,, Ad,. ( ) 


Axim Zhe, + Yi, Oy 
? 2 . 
ie E . 
Fig ig ty tnt Iitoy (34.4) 


° 2; ~ of 
3, = aoe z,= yn + X1Foy- 


Before we derive a formula for deviations at the point of turning off of the 


engine with a turning off from the integrator, let us examine the somewhat 





Fig. 34.1. 


simplified theory of this instrument. 


Let us consider the material particle 
connected with the body of the rocket. 
Disregarding rotation of the rocket about the 
center of gravity, we will consider that the 
acceleration of this material particle is 
equal to the acceleration of the center of 
gravity of the rocket. But the acceleration 
or the examined point is created by two forces: 
gravity m*g (m* is the mass of the point) 
and the force R having an effect on the point 
from the side of the rocket (Fig. 34.1). 


Let us write the equation of motion of 
the point in projection on a certain direction 
forming*the angle a* with the tangent to the 
trajectory of center of the gravity of the 
rocket and the angle 9*, equal to 


¢ = 8 +r, (34.5) 
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with the horizon {as the horizon we take the Ox axis, and we consider the direction 
of gravity parallel to the Oy axis). This equation has the form 


m° (vcosa’-+ v6 sino”) = Rye — mg sing’, (34.6) 


where v cos a* is the projection of the tangent acceleration of the center ot gravity 


of the rocket on the examined direction; v’ sin a*=— projection of the normal 

acceleration of the center of gravity of th: rocket on this direction; Row — projec- 

tion of force R on the same direction; -m*,; sin 9* — projection of gravity on 

the same direction. Such a material particle is a sensing device of every integrator. 
Force Roe causes some physical effect whose action is integrated during the 

period of the entire powered section. For example, in one of the constructions 

of the integrator, the gyroscope, whose center of masses does not coincide with 

the center of suspension (gyroscepic pendulum), precesses under the action of force 

Rp» with an angular velocity, proportional to this force. The measured value is 

the angle of precession, 


Thus the integrator produces a magnitude proportional to the integral 

& 

J Re at. 

e 
or, since mass m* remains constant, the integral 

-R 
a= | Se at. (34.7) 

This integral will be called apparent speed and the integrand quantity 


a 


Ipmm SS me AE 8, (34.8) 


the apparent acceleration. Apparent acceleration is nothing else but a G-force 

in the direction o* multiplied by Bo: The direction determined by angle 9*, along 
which occurs integration of the G-force is called the direction of sensitivity 

of the integrator. 


Substituting Roe from equation (34.6) into formula (34.7), we will obtain 
‘ 
v,= J eecosar+ v6 sine’ +- g sing’) dt = 
. ¢ e é ’ ‘ 
= J ecosarat+ f obsinarar+ f gsingrat. 
® e e 


We integrate the first component by parts: 
8 


& 
[scone arm ocorel — J veecosa. 
e 


Since v = 0 when t = 0, then 


. &s 
Jocmedtnerme:s | ou a°a’ dt 
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e e 
©, = 0 cos a’ ++ f v (6+ a°) sina’ dt + j g sing’ dé. 
é é 


But on the basis of equality (34.5) 
= 6-+-a°, . 


therefore 

t ‘ 

v, =vcosa’+ [ wg*sina’dt+ [ gsing* dt. (34.9) 
e é 

In particular, when t = ty 
te te 

v,, = 0, cosa. + J gsin g’ dt + f tq* sina’ dé. 

é e 


We will limit ourselves now to the consideration of the integrator rigidly 
secured on board the rocket so that the direction of sensitivity coincides with 
the direction of the longitudinal axis of the rocket. With this 


@=9. a =a, 
a 
On ™ 0, cosa, + [ gsingdt-+ f -esinaat. (34.10) 
® e 


The last member is small, since the angular velocity of inclination of the 
axis of the rocket » and angle of attack a are small. In the first member cos a, 


1s close to unity. For an appraisal of the dispersion it is possible to use the 
approximate formula 


fe 
sameat f gsingdt, (34.11) 
or 
f 
wimea— J gsing at (34.12) 


With the examined method of the turning off of the engine the current value 
of the apparent speed is continuously compared with the assigned value to which the 
integrator is tuned. When these two values coincide, the instrument sends a command 
for turning off the engine. From formula (34,12) it is clear that deviation of 
terminal velocity Vy is conditioned by the error AVen with which it is possible to 


sustain the assigned value of apparent speed Ve? the deviation At, of the time ot 


operation of the engine and deviation 6m of angle » during the period of the whole 
powered section. Furthermore, deviation of g is possible owing to the change in 


altitude, but it can be disregarded, and therefore - . 
. . tat, 
wi tdsjmey tae J g sin (¢ + 89) dt. ; 


We note by double prime values referring to the turning off of the engine with 
the help of the integrator. Considering cos 69 = 1 and sin 69 = 6, we will obtain: 
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a 
9, + hei me, +40. — f (sing + cosg be) di = 


& # 
tat bon {genet — [ gigconyer— 


aoa ya 
asm f gia gat — f g oy coreg ff. 
& 4 


an de disregarded, and in the penultimate 


The last member having as crder of gAt e 
4 ime interval from t, tot, + &t°. Then 


we cam cimsider g sin ~ constant in 


. 


br 
A+ Sejm oy tae, [ esing dt — 


& 
~ J ePrcorgat— gE, sing, Of. 
Subtractirg hence term by term the equality (34.12), we will obtain: 
& 
Av; wc Av — f erecosy ar — £, sing, Of. 
6 


We will designate the second member by avon? 


& 
dog J ebyconge (34.13) 


Its value can be found if the law of deviation of the axis of the rocket from the 
calculation position is known, Finally 


Au; = Av, + Av, — g, sing, Aff. (34.14) 


Substituting into the first of formulas {35.1} the expression (34.14), we 
obtain: 


Se, + Av, — £, sing, Ati <0, d+ Sz Ad, 


whence 


A : \ 
af; A ! - . ; 
tO Tnaag Ore t ed — Beam Oe ana 


Now, inserting expression (34,15) into formula: (34.1), it is easy to find the 
deviation of remaining values at the point of the trajectory, where from the 
integratcr a command is fed for turning off the engine: 
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Meee Te 


aes Ot 
; +3 (4 Sets) ae 
by! = den (he Av,.)+ 


1+ 2; 88¢, (34,16) 


+3 (em tty) ae 


+e, 8K, 


Or pag Cet alt 


J 2800 
+ (2 - py) ah 
tReet) 
Let us introduce for brevity these designations 


° 2 
7 eer : 
: er 
+ 2, sD, 
W121 
y +h sing, 
Site 
#44: sing, 


* = 7 
Poy MZ = — 6, SING, 2g. 


” = 2” 

Pay = By == 2. + y,7oa 
* 

2, = %y~ Ls Ty + #26 on” 


Then formulas (34.15) and (34.16) will take such form: 


Sf} = (A»,, Ao va) +S ee AR os 





% & sia @, 
bof = 





Fee (Ae,, + Ao,.)+ Ya, at oo 


Ay = 2, te ala @, (A°,. + 4e,.)+ . Fy Ady. 


(34.18) 


Agj ex g(a + 30.9) + Yy 2d 





ana 


Formulas (34,2), (34-3) and (34.18) give sclution to the problem of deviations 
at the point of turning cff the engine with different methods of turning cff. 


§ 35. Influence of the Process of Turning off 
the Engine on Dispersion 


Let us examine che section of the trajectory cetween the point at which moves 
the command for the turning ofr of the engine and the pcint where the process of 
turning off is finished. The time intervai (tt, ta) between both points will be 
selected constant and such that with practicality any possible law of decrease in 
thrust the process of turning off will succeed in being completed during that time, 


Let us make tne following assumptions: 


1) turning off of the engine is graduated, !.e,, after the first command 
fed at the initial moment t, or the examined interval cf time there occurs only a 


decrease in the value of the thrust up to a certain intermediate value and only 


after the second command fed inside the examined interval of time does the thrust 
start to drop to zero; 
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2j the angle of attack is so small that in equations of motion it can be 
disregarded; 


3) the change in the angle of inclination of the tangent with time is the 
same regardless of the law of drop in thrust; 


4) cowards the moment of termination of the drop in thrust the crag of the 
rocket is negligible. 


With these assumptions equations cf motion cf the rocket take the form 


a0 P—X,—X 
—— — — grind = Be grind, 


2 eS (35.1) 
SF = 00086, 


where Ry is the projection of all forces having an effect on the rocket, except 


gravity, on the direction of the axis of the rocket. Designating the moment of 


the feeding of the command for complete turning off of the engine by ty we can 
write: 


%—O, ~ fp emda : 


- f be f i (tate 


4 
anes fas fe fannvee . (35.2) 
4 


The second and third members are the increase in speed owing to all forces 
except gravity on sections respectively between the two commands and after the 
command for complete turning off. These increases due to the great scattering in 
the nature of a drop of thrust are themselves subject to great scattering. For 
the section between the two commands (t,, t.) this scattering can be minimized with 


the proper method of feed of the second command. It is easy to verify that with 
our assumptions in such a way there will be the turning off from the integrator, 


Actually, on the basis of the first equation (35.1), the second of the above-made 
assumptions and formula (34.11) 


or 


de ds de, 
Fs Ft grind J+ gsing= “a- 


and, consequently, 


fe 

[ Bemen—en. (35.3) 

4 

In virtue of formula (35.2) and the third assumption 
‘e & 
dem do, +a{ [ Sear)ial { See, (35.4) 

f fe 
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and this means that the error in speed at time ty +2 smpused of tne error at time t 
and scattering of integrals : 


[Ra and ie dt. 


Tne errcr in the quantity of the first integral will be minimum when the 
command for full turning off is fed by the instrument measuring, the magnitude of 
this integral. Formula (35.3) shows that such an instrument is precisely the 
integrator of axial G-forces, 


Turning to the second integral, let us note that after the command for full 
turning off cr the engine the mass of the rocket m practically has not changed. 


fe 7 fo 
1 f bot 
f Bend [ae l, (35.4) 
‘a "a 


where the letter I is designated the so-called aftereffect pulse, the total pulse 
of all forces (except gravity) having an effect on the rocket after feed of the 
command for full turning off of the engine. The main force of these torces is the 
thrust created by the engine due to the burning and expiration of fuel components 
remaining in the chamber and in fuel manifolds between the chamber and cutoff valves. 
Part of the aftereffect pulse is caused also by the delay in operation of the cutcff 
valves after feeding command for turning off the engine. Forces Xap and X do not 


play an essential role in the process of the atter effect and, according to our 
assumptions, turn into zero together with the thrust towards moment t < tos so that 


the examined integral does not depend on the selection of time to provided the 
above-mentioned conditions are observed. 


The magnitude of scattering of the second integral in flight can in no way 
be limited, and as for its decrease one should take care of it on land. Other 
things being equal, this scattering will be less the lesser the pulse of the 
aftereffect. The latter can be decreased owing to a decrease in thrust towards 
the moment of feeding a command for full switching on of the engine (this is the 
meaning of the graduated turning off) and also due to a faster drop in the thrust. 


Integrating second and third equation (35.1), we find 


& 
y= n+ f osindae, 
“hy, 5.6 
. (35.6) 
== x, + [ vcos6as, 
and, consequently, . 
t 
Ay, = by, + [ Avsinear, 
ry 
be (3567) 
Ax,=Ax,+ [ docosOdr. 
4 


Quantities of the order of dv(t, - t,) can be disregarded, since the duration 


of the process cf turning off is small. But then the error in the coordinates 
during transition from point ty to point to are not changed: 


Ay, = Ay,. ‘ 
35.8 
Ax, = Ax,. } ( 7 
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These formulas, together with expression (35.4), solve the problem of 
deviations of the basic ballistic parameters at the end of the section of the 
turning eff cf the engine. In particular, if the command fcr fuli turning off is 
fed by the integrator, then on the basis cf equations (35.3) and (35.5) 


Avy = Av, + A(e,,— 04) +4(L). (35.9) 
Pormulas (35.4) and (35.9) will be recorded briefly thus: 
Soya Be, + doy. ($5.10) 
where 
fe 
i 
Av,z=A {ze +a(5) (35.11) 
in general, and 
Soy = A(0,,—0)-+3 (2) (35.12) 


with turning off from the integrator, 

Finally, let us note that everything discussed remains in force if for the 
moment t, we take not the moment of feeding the command for a decrease in thrust, 
but the moment te of the feed of the command for full turning off of the engine, 
As t., it will be necessary to take the moment separated by the constant interval 
of time from t and we will obtain 


x? 
Av, =: Ao, -+ Avy, (35.13) 
where 
: . 
beg = 5 2 -4(2): (35.44) 
er 

Ay, ws Ay, . 

eke (35.15) 


Formulas (35.13)-(35.15) should be used when the second command moves 
independently of the first. 


§ 35. Range Dispersion 


in examining the range dispersion we will limit ourselves to the case when 
full turning off of the engine is finished during negligible drag. Then the greater 
part of the section of free flight will lie in practically a vacuum, and for the 
calculation of dispersion 1t is possible to use formulas of the elliptic theory. 
Dispersion from the influence of atmosphere at the end of the descending phase of 
the trajectory should te investigated specially, and we will not touch upon it. 


The influence of deviations Vue hy, and $y at the initial point of the elliptic 


trajectory on the range of free flight is expressed by formulas (19.42) (with 
replacement of Ty by R + ni): 
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‘ 2R 
“4 Se art keR ition Fie 2 
rant, = . (36.1) 
va(te +412 ute -) . 
me fe), 8 
qi +p? 6.) [v,. —2tg 6, te sin? —& 
Sgn ae Stet | 
va(tet Rie tate 56) 
a where 2 
as} RH AD aa 
ee p ee ee) 
A } i tg a is the positive root of the quadratic equaticn 
on PRU + 8) —OR+ A )vste 
— WW Rig det — hv, 0. (36.3) 


The full flying range L is composed of range ty prior to the initial point 
{for which we take point to) and range top of free flight: 


bwh+l (36.4) 


where 


i= R4, 


ie at. 


Quantities 6, hy ard $y are connected with Xi Vee and 55, by relations 


R+ yp = (R+ 4) 05 4, 
X¥, = (R-+ 4,) sind, (36.5) 
6, = 6,44. 
Let us trace how the flying range depends on kinematic quantities Vu Vy 
Xp and oy at the initial point of the section of free fiight. With a change in 
My there is changed only l,, in formule (36.4). With a change in x, or yy, hy is 
changed affecting lop and also 6, on which depends both 4, and i,, (in terms of $,); 





. lid ane decay stad. Ay Abe z 
sbi as a hit am aie eh 6 
Wee riuetie nag ereuriee pas vata tte rene na ete InG eS NRRNAI HAR Lert Ji ieIfST Pum Talon Aone nAARAS 7: |e EATON NEE aN IT A ONIN 


. finally, with a change in Gs $,, changes, and together with it lap? Therefore, 
ea Rei (36.6) 
. ot a C 3 Oleg Shy Glen Oy 
: Bye = Tye + Hye Ray, + Thy Gy, + OS Gye eR ; 
dt Me, Hes yp % 4 Ae Oke 5 le Oe; ; 
Way Gx, tae, —* Se, + oh, aay TOO, Oey | 
a5 e- (36.8) . 


eh, on 08 es 
t tion of ti derivatives : ‘é and ili 
For the calcula partial Tye Be a yo we w 
differentiate relations (36.5): 


t dy, = dh, cosd — (R + &,)sindd, 

| dx, = dh, sind + (R + h,) cosdde, 
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whence 
dh, am dy, cos 4 -+ dx, sind, 
An Fee tnt WER 
Consequently, a 
Fee on cone, dae sind, 
oo mnt o cog’ (36.9) 


RFR Ge ™ REA: 
On the basis of the last of formulas (36.5) 


Ena: Haw (36.10) 


Substituting expressions (36.9) and (36.10) into formules (36.7), we will obtain 





Spe 708 Se — ep (A+ SE): 
La ghle + Fae) + sad Fe. 


Thus the connection between small deviations of speed, coordinates and the 
angle of inclination of the tangent in the beginning cf the section of free flight 
and the deviation of the flying range can be expressed by the formula 


(36.11) 


Ma F304 Fe Sy GE Sx,+ = %,. (36.12) 


where coefficients with deviations avy > AY,» AX ys 46, are determined by the formulas 


(36.1)-(36.3), (36.6), (36.8) and (36.113, and the actual deviations by formulas 
of the preceding paragraphs. 


Let us turn to concrete methods cf the turning off of the engine. 


With, turning off at the fixed moment of time, using formulas (34.2), (35.8) 
and (35.10), we obtain 


Atm (6, 3t.+ Yeu Mat Sey) + 
+ F(F, At + ¥ 200 AAs) + 
+ (444+ Daun de) -+ FE Ae,. 


Let us introduce designations: 


Hat Hart Hank, (36.43) 
Fe B= Als. (36.44) 

ne (36.15) 

S Pte ete eae. (26.16) 


where the superscript (n) designates the quantity of primes, i.e., indicates the 
method of the turning off. 


With these designations 
Abwe Ly Ata + Sty Ady t+ Abus + My. (36.17) 


171 


ay 


. 


LR Ma Seu came ett ck a 


een ee 


The iy a Or ER MEN TNA <P OE HET ICE ar Rr: Baar 


Sone mcmaerenie momma ser tr Pan ODP SS TCE URS RAD, ASAE REX UBL LIGETI HARES CoRR ERC 


i 
I 
| 












TIRE ORES FE TEETER ES TT POR POP RSV EMT I U 


TS PS LO I ee DS OT PRE FTA WE IAEA OTS SPOT VE 


i 


© op hte wate’ 


1 


j 
abe 


Simte a ree + 


ta etlon: 


mane 


le cade 


; : eu 2 dia Sie! gus xt te Gite Saaal 
‘ : : 2 
RH RI aren ws ane be ee starr oA ECM AARNE aNES Che enpetaetnt eat siete nesta A CD TNS a ATLAS TIERS assi sane eti eee entire sit hd a8 ps timaneemnatienen nc tree tie Sere iatpniiietiee: snp» eneenien sas 





| 
| 


ren cer MEP MMB SS - BORE AE 2S 


Let us note that this formula remains ccrrect if tne deviation cf the time 
of turning off the engine at, is caused not ty errers cf measurement but by any 
other causes. 


Passing to the turning off with respect to speed, we use formulas (34.3), 
(25.8) and (35.10): 


e a eh Tyr V,- 
oh jx g et 
+-(2 do, + py om at.) + - A8,. 


or, with the again introduced designations, 
Bu! a St 80, +S) tig Mk, + Aly + Sly (36.18) 


For the turning off from the integrator on the basis cf formulas (34,18), 
(35.8) and (35.10) we obtain: 


a 7,30, +80, - nee 
™ den Vo, +a. 8iRe, Ht Deis dey + Sey) + 
+o (Sethe ’ 


a (Sent iny - KN 
+o (Same At Yt th) + 3 a 


AL? 


In designations {36.13}-(36.16) 


eee Ct a +N 42, +40, +44, (36.19) 


Let us analyze formula (36.17)-(36.19). The first members in the right sides 


of these formulas depend on at,» AVL» Ove? i.e., they appear due to instrumental 


errors of instruments controlling the turning off cf the engine. They can be 
decreased owing to design improvement of these instruments but cannot be completely 
suppressed, since ideally exact instruments do not exist. Members cf the form 


XS gM, constitute methodical errors of instruments of the turning off of the 


engine. T!.cy appear due to the fact that these instruments control parameters 


not connected directly with flying range, ~ time, speed cr apparent speed. If 
certain source, for example the deviation aA, of parameter Aye caused 4 change in 


trajectory, then the flying range will be changed by the magnitude 2(DJar, even 


under the condition that the controlled parameter at the time of the turning off 

exactly is equal to the assigned value. Methodical errors can be considerably 

lowered and almost even suppressed (see § 37) as a result of the improvement of 

the principle of operation of instruments of range control. In particular, 

calculations show that the application of the integrator instead of the timing 

mechanism reduces methodical errors ten times, and replacement of the integrator by - 
the turning off with respect to true speed additionally gives approximately a 

triple reduction in methodical errors. 


Also methodical error is the last member in formulas (36.17)-(36.19). It 
appears because with not one of the examined methods of turning off is there con- 
sidered the influence of the angle of inclination of the tangent on range at the 
time of the turning off. It can be eliminated by considering this influence with 
turning off of the engine. But it is possible to proceed another way, by selecting 
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the form of the trajectory in such a manner that the influence of deviations in 
the angle of inclination on distance ia reduced to zero, With this it would de 
insufficient to reduce to zero the last memter tn formulas (36.17)-(36.19), seeking 


fulfillment of the equality Sb = ©. It is necessary to consider the influence 
“ht 


o:; range of not only the final angle of inclination of the tangent but also of the 
change ‘'n the angle of inclination of the tangent during the pericd of the entire 


controlled flight. For us this influence is characterized by members 2t8 A? ~- zig! 8},. 
and in general they should be replaced (in sum with OL,) by the variation in full 


range depending upon the variation of function &{t). Thus the prceblem of the 
remcval cf range dispersion appearing due to the deviation cf the angle of 
inclination cf the tangent is a variational problem, 


Let us note that the variation of full range(and in sur case, the members 
oi M04- sfs'82,) depends on the method of the turning off cf the engine. Consequently, 


the solution to the variational problem will also depend on it. These questions 
are examined in Chapter XI in greater detail, 


Irrespective of the method of turning off, into the range error there is 
introduced the quantity SL, 5+ which is the deviation due to possible scattering 


of forces having an effect on the rocket after the command is fed for final turning 
off of the engine, i.e., after complete cessation of control. In a number of these 
forces there appear, first of all, thrust, then drag, and alse forces connected 
with the design of the rocket (for example, if from the rocket parts are rejected, 
then the pulse transmitted to these parts is sent to the rocket in the opposite 
direction}. The methcds of the decrease in quantity AL, > were discussed above 


in connection with possibilities of a decrease in BY 0+ 


§ 37. Methods of Decrease in Dispersion 


It was established above that range dispersion depends both on instrumental 
and methodical errors of the control system, mainly from errors of instruments 
turning off the engine. Let us consider in broad terms possible ways of reducing 
these errors. 


Let us start from integrators of axial G-forces. As was mentioned above, the 
methodical error in range, obtained with the turning off from the integrator, is 
three times higher than the error with the maintaining a constant speed cof flight 
of the rocket during the turning off. In other words, a greater part of the error 
in turning off from the integrator appears owing to the deviaticn cf speed at the 
time of the turning off. Formula eens Shows that a deviation in speed appears 
due to the following of three factors: nstrumental error of the integrator, 
deviation of the axis of the rocket and deviation of the time of turning off, where 
in numerical examples it is easy to check that the deviation of the time of turning 
off plays in this case a decisive role. This suggests to combine the integrator 
with the timing mechanism, i.e., to turn off the engine when a certain function 
from the apparent V5 and time t 


v, = v, (2,, 4 (37.1) 
reaches the assigned value 
0, (2, I= Oy. (37.2) 


Such a procedure is called introduction into the integrator by time 
compensation. a 


For the mean trajectory the apparent speed is uniquely connected with the time 
of flight, and, consequently, the mean values of both the apparent speed at the time 
of the turning off and of the actual time of the turning off are uniquely determined 
by formula (37.2), But for every actual trajectory equality (37.2) will be 
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fulfilied with other values of apparent .. and time cistinguished frcr the mean 
DY BYe4 and at, respectively, In virtue of equality (77.2) we hav- 


$i he + Fibs mde, 


correct to magnitudes of higher order of smallness. Here AVey is the instrumental 
error of the instrument producing the quantity v,. 
Hence 


Se hteet o 


a= — 94/25. (27.3) 


Coefficient ky is called the coefficient of compensation of the integrator. 
Our problem will be selected by this coefficient In such a way as to reduce as 
far as possible the range dispersion, Substituting in formula (34.14) Ave, instead 
of ave we obtain the following connection between the deviation of speed at the 


time of the turning off and the deviation of the turning off: 


where 


Be, (h, on £,3in¢,) At, + 4o,,-+ aa t= 


Using the first formula (34.1), we have: 


Ae Et a RNA Deel 


1 
a= => 
I" Staweqg ae, “at 


+ . ! Av, — 
Feet emg —a 
->-——4#—- a, (37.4) 
©, + €, HG, — &, 


Formulas (34.1) give with this 


at pet % an a 
“A Sraen re et Fete sent S(t Fase a) 
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Ae Ot mah at Gite, m29,—2,) +2, (* Tye) (37. 
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Using these formulas and also relations (35.8)-(35.16) and (36.12), we obtain 
in designations (36.13)-(36.16) 


L 
wet = Ff 
1+ ge. tag, — 4, — 
i $ 


et 
ws (eit g. sing, ~ 8) 


43 (te p— at Ma tat 


$+ 81 HAG, ~ 2, 


Let us examine the part of the deviation &L induced only be random deviations 
GY parameters Ay? 


aye S(t ema) 


Let us assume that Ae are independent values subordinated to the normal law of 
distribution with standard deviations aA,, Then cn the basis of formula (31.4) 


(hy S (ta— fe —) ou. 


We take for the independent variable 


q (37.6) 


a 
H+ Er tin |, — a 
and find the minimum with respect tc q of quantity 


eL,F = 3 (za — ¢2uP (Ay. (37.7) 


For this let us note that the derivative 


OT —2 Yeu- 9232) Zi, (02,7 = 
= — 23 tut) +d te(Ouf 


ee (37.8) 
Cush? 


With this the standari deviation in range due to the deviation of only parameters 
AK will be minimum, since the second derivative 


ey m2 Yay. 


is positive. From (37.6) and (37.8) we find value cf k 


cptimum for the time t: 


turns into zero when 


+7 which will be calir? 


PL an (37.9) 
D (729%) (29%) 
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This formula determines the optimum coefficient of compensation of integrator 


_ Ky as a function of the time t,. From (37.3) we obtain that function v, should 


RD es 


satisfy the partial differential equation 


by $+ Sto. (37.10) 


The simplest solution of such an equation will be the function 
a 
om 0,— fh, dt. (37.11) 
& 


Time to is selected arbitrarily but in such a manner so that it does not exceed 


the time of work of the engine with firing at minimum range. If a combination of 
the integrator with the timing mechanism producing quantity (37.11) 1s constructively 
difficult to realize, as a function of Vt it is possible to take 


=v, — kf. (37.12) 
For such a function eauation (37.10) will be satisfied only during the time ot the 
turning off equal to t,. Consequently, at the assigned distance there should be 
tuned not only the quantity Veo according to which will be turned of: the engine, 
but also quantity k,> the coefficient of compensation. 


This method of the decrease in dispersion can give good results under the 
condition that the errors AV eq? AL, 55 ALy are small, and chiefly if coefficients 
Zu and 24, Preserve an approximately constant ratio for different parameters of 
Ae expecially for those which give greater values of the product ZypArps i.e., 
greatly affect the range. This can be seen from formula (37.7). 


Let us dwell in broad terms on other methods of reducing dispersion with the 


- use of the integrator. Let us consider the integrator stabilized in space, i.e., 


with a constant inclination of the axis of sensitivity (g* = const). For such 


an integrator formula (34.9) will take the form 
4 ° t 
@,, = 0, cosa\-sing® J g dt=9, cos (¢°—68,) + sing ® J gat. 
e e 


If the command is fed at the assigned value Vs4? then 
Ao, cos (q° — 0,)-+ 9, sin(¢° — 9,) 16, + g, sing® At, = 0. (37.13) 
We substitute here the expression for Av, from formulas (34.1): 


(0, At, + 3 242 3%.) cos (@* — 0,)+ 
+2, sin(¢* — 8,) AO, +- g, sing? Af, = 0, 


whence 
At,= — ©, sin (¢° — 0,) 0, + cos (g° —8,) By a9 Ade ° 
w, cos (¢°— 6,) + g, sing® 
If we substitute this expression for At, instead of At, into formula (36.17), then 


we obtain, considering expression (36.15): 


L,e, sin (¢? —0,) 


a fics (¢° =O He ay jot bm sing? =O) : 
af D (% taal ot (=, @, cos (¢°— 8) + £, ang) 31+ Sn 
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Hence it it clear that with the proper selection of inclination of the aais of 
sensitivity @* it is possible to compensate part of the influence of the final 
angle of inclination of the tangent on the flying range, turning in zero the 

coefficient with 46,, in the obtained expression for AL. Really, equating this 


coefficient to zero, we obtain 
a Le, ot {9° -- 


ews ins == @. 


@, econ tg’ — 0) +g, tay” 


This equation is easily soived with respect to tg gt: 
oh « 
Lv, Ha B+ em, 008 B, 


f= t : 
Eye, cos ®, — ag (08, + 0) 
However, aS was already discussed at the end cf the preceding paragraph, 
des ruction of the member with AS, in the formula for AL dces not completely remove 


the influence of deviationa of the angle of inclination of the tangent on the range 
error, A more improved approach to the solution of this problem would be to find 
the dependence oL on angle * and then to determine the value of @* delivering the 
minimum oL, a8 this was done above with the determination of the optimum eoefficlient 
of compensation. 


However, the formulas derived by us are insufficient for solution of the problem 
in such a formulation (those readers which managed to advance forward, arding to 


the system (33.1) the equation for $e are in the best position). It is possible to 


go even further: to introduce into integrator, the axic of sensitivity of which is 
inclined to the horizon at a constant angle pt {ar to the longitudinal axis of the 
rocket at the constant angle y*}, the time compensation with coefficient ky» to 


examine the dependence oL on two parameters @* {or }*) and Ky » and ta find the 


minimum of this function of two variables, This will allow reducing dispersion tc 
even smaller values than with the use of only time compensation or only the setting 
of the integrator at an arbitrary angle. 


It 1s possible to try to obtain further improvement by using a double integrator, 
which in combination with the timing mechanigm can reduce to nought range errors 
due to deviations in speed, coordinates and slope of the tangent at the time of the 
turning off of the engine. This is carried out by means of proper selection of 
the coefficient of compensation and directions of sensitivity with the first and 
second integration. Range dispersion will remain only owing to instrumental errors 
of the first and second integration, the scattering of forces effective after the 
command for full turning off of the engine, and the disturbances cbtained by the 
rocket during free flight. 


Being distracted with what instrument will turn cff the engine, we wi?l] cbtain 
the equation which such an instrument should operate in order to reduce to a 
minimum the methodical errors. We will proceed from equations (35.13), (369.15) 


and (36.12), taking for the initial point of free flight the point t,: 
a a 
AL =m 5 (Se, + Se) + Fe Aye t Fel + ae, (37.14) 
Since ty is close to tos one can assume that 
0, = Ab, == 8, 
The instrurent, producing the quantity 
Ue K-04 Feyt ert ee (37.15) 


and sending the command to turn off the engine at the time when this quantity 
attains the assigned value 
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satisfies the mentioned requirement. Actually, from (37.15) 


AL, = sep (4% + Av,) +f Fe Oe = syo + 
ees Fey (Stet = + aa (10, + AO,). (37 .16 ) 


where AL, is the error in development of the command; Avy deviation «ft actual specd 
from calculated at the time of the turning oft; Avy — deviation cl measured speed 

from the actual; AY ys AX) Ae AY ys AX ys Avy, are analogous quantities ter courdinates 
and the angle of inclination of the tangent at the time ct the turning ctt. 


Comparing (37.14) and (37.16), we obtain 
AL =x AL, +2 (—A0, + Aog)— F- Aye — 
eL 4 
— Gry Sta ey 48, (37.17) 


It 1s clear that methodical errors decrease with a similar method of turning off. 
In reality small methodical errors remain due to the inaccuracy of expression 
(37.14), in which members of second order about AVy» Vy» AXy> Aj, are rejected, 


. In formula (37.15) quantity L' depends on four kinematic parameters: v, y, x 
and @, But the same result can be obtained being limited by measurement of only 
two parameters: projections of speed on a direction which form with the calculated 
direction of the tangent to the trajectory angle w, determined from the relation 


él 
ge=—F. 
and projections of passed by the rocket, on a direction forming with the horizon 
of the point of launch the angle y, where 


OL 
ee 5-/se- 


Really, we will designate the first of these parameters V5 and the second 
Sy For wi the expression 
0, = 0 COS @. 
is correct. Let us calculate Av,,, correct to the linear members, noticing that with 
a change in the actual direction of the tangent to the trajectory Aw = -Aé6: 


Ao, = Avcose— vsing Aw = Avcosw+ vsinwAd. 





Hence 
oss For bam H- Av oF tg odd 
Fay AO A0. (37.18) 
Further, 
So™= x CosY-+- ysing,. 
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consequently, 


As, = Ax cos y+ Aysiae 


iat ok oe be 


a ol 4 
w= 7, ox + 3, YY. (37.19) 
Thus, if the instrument produces the quantity 


a I aL 1 ot 
Om ae Gon Pe t Tee Oxy 


and sends @ command to turn off the engine at that moment when this quantity reaches 
the computed value, then for the moment cf feeding of this comand the following 
relation between actual deviations OV and Ass of quantities Vv. and Sy and errors 


cf measurements AL", Av... and AS,.. is correct: 
4 wy y¥ 


° t 1 oe 


Hence we obtain, taking into account formulas (37.14), (37.18) and (37.19): 
- . @ 1 aL ak oa 
AL= AL, — tase du Psu Se dxy See Gop 3x (37.20) 


Thus just as in formula (37.17) there are absent here linear componer:ts of methodical 
errors induced by deviation of kinematic parameters at the end of the powered 
section, The range errcr depends only on errors of measurements and calculation 

cf quantity L" and on causes effective after feeding the command for turning off 

the engine. 


§ 38. Lateral Dispersion 


Lateral dispersion is determined mainly by the following factors: errors in 
aiming in direction, deviations of coordinate z and lateral speed vy from their 


computec values, and disturbances having an effect on the free-flight section. 


The error in alming leads to the fact that quantities z and Vos and also 


any other quantities controlied by the control system, for example, the angle of 

yaw €, the component of apparent speed in the direction of the z axis, etc., are 
measured not in the system of coordinates in which it is necessary. It is clear 

that the control system cannot correct this errcr., This pertains both tc a come 
pletely autonomous system and tc one which uses ground measurements for control 

over the direction of flight of the rocket. In the second case the control system 
can reveal that the rocket was inaccurately criented before launch and therefore 
began to move not in that plane. By commands from earth this inaccuracy can be 
corrected, and the rocket will be brought intc the assigned plane. But this 

assigned plane itseif can have an inaccurate direction and can even be not a plane 
but a slightly distorted surface because of errors in installaticn of ground contrcl 
means (antennas cf radar, cirection finders, etc.}). Thus with ground contrcl although 
errors of aiming can be, as a rule, decreased, they can nct be completely eliminated, 
It is natural tc consider .nese errors as instrumental errors. 


The task of control by yawing motion in princinle differs from range centrol 
of the flight by the nature of the commands passed. For range control it is required 
to determine and exactly maintain only one quantity: the moment of turning off of 
the engine. It is true that for the determination cf this quantity, as we have seen, 
car require quite & lot cf measuring mears, and the measurements should be conducted 
continucusly, at least at the end of the powered section. For the control of yawing 
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motion there are also needed uninterrupted measurements «1 ...nematic parameters, on 
which this motion depends. But also commands of control ot yawing motion should 

be sent and carried out continuously, so that towards the moment of turning off the 
engine, whenever it comes, all the disturbances affecting lateral deviation of the 
impact point would be compensated by a corresponding cperation of the control 
devices, The continuous character of control requires the application of specific 
methods of investigation and calculation which, “as was already stated above, 
usually do not pertain to the number of ballistic methods and are not examined in 
this book. In ballistics only partial derivatives of coordinates of the impact 
point L and Z are determined with respect to Kinematic parameters of the point or 
turning off the engine. Just as for range controls, in the first place derivatives 


oa : fe and i and for control of yawing motion it is necessary, first of all, 
« s 


ez ez 
to know and = 
Ose Fe 
In the first approximation lateral deviation is expressed by the formula 
ez oz : 
4Z = We Ao, + tn Az,. 
where Av, and Az, are deviations of the lateral component of speed and z coordinate 
from their computed values. 

However, for a great flying ranges, when all derivatives start to increase 
greatly and the space curvature of the trajectory beromes considerable, it is 
necessary to cna ee es dete ees ob and = in the calculation of 

a « 
range dispersion . : * =o". —— during the calculation of dispersion in a 
. . Ou," Ox," Oy,” By & e 


lateral direction. Sometimes it is necessary to take into account the second partial 
derivatives. 





In order to make calculations of range and direction dispersion less dependent 
on each other, sometimes we measure deviations AL and AZ in a system of coordinates 
distinguished from that in which thus far we calculated L and Z. The origin of this 
system of coordinates is at the calculation point of impact (in other words, at 
the point of the target), axis AL is directed along a tangent to that line about 
the surface of earth along which moves the point of impact with a change in time 
of the turning off of the engine and with constant direction of aiming. Axis AZ 
is directed in a horizontal (at point of the target) plane at a right angle to 
axis AL. 


§ 39. Calculation of Dispersion 


In the preceding paragraphs there were discussed certain theoretical foundations 
and methoas of calculation of range dispersion. Let us dwell more specifically 
on the calculating side of the matter, since in practice calculations are frequently 
conaucted with deviations from above~stated scheme, 


Partial derivatives Zi, 48 was already stated, are determined with help of 


system (33.15). However, besides the direct numerical integration of this system 
there exist other procedures of detecting its solutions, allowing in certain cases 
to reduce the quantity of calculations, The most important of such procedures 

is the use of the conjugate system of differential equations, 


Since it is frequently necessary to operate with systems of more general form 
than that of system (33.15), we will examine the system of the n order: 


dz 


ge Fat + + Fan + Bie 
eee eee es © we @e © © © © (39.1) 
a Og Z yp H+ -- Ht Cag Zext Ban: 
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where Oy ys Baye i, J=1, 2, ..., n3 k= 1, 2, «12, m, Are well-known functions of 


time. Actually equalities (39-2) determine not one system but m such systems with 
the same coefficients Os 5 with unknown functions 2 4% and changing from system to 


system of free terms Bix The second subscript for quantities 2 3k and Bix is the 
number of the system, 


Let us introduce auxiliary differentiable functions of time Ups sooy U and 


n 
find the time derivative of function u + Gee PUL 


171k n7nk 
a 
a @izut --- +82) = 


du ds dz dz 
= Tat tg at att ee tie 3 





dz 
Instead of derivatives a we insert their expression from equations (39.1): 


(tut ne + 8,24) = Zat.-- + FP tat 
Hy (Qu tiy tH «+. + CraZ ae + Ba) + 
fee Hy (BgiZig H+ --- + Cen Zan + Bas): 


We will now group members containing Zaye cee? 2K? 


Aleziat ees + 8,2 ,,)™ 
=(3 + QM, + eee +o,.2,) Zit. ot Sia +21, +. oe 
+++ Canta) Zant sib +--+ + esa. (39.2) 


The obtained expression will be considerably simplified, if one were to require 
that functions U, seer UY satisfy the system of differential equations: 


du, 
“a 
sec tee eee (39.3) 
du, 


HT a eee C,H. 


= — G4, “eee Oy; 8q. 


This linear uniform system of the n-th order is called a system conjugate to system 
(39.1), more accurately, any of systems (39.1) obtained with different values of k. 
Tne matrix of coefficients of the conjugate system is obtained from the matrix of 
coefficients of the initial system by transposition and change of sign of all the 
elements. 


Subsequently we will consider that functions uy, ...; uy will form a solution 
of system (39.3). Then equality (39.2) takes the form 


d . 
Be (MiFta HF ++ OaF en) = 1B +... + Bae 
Integrating this equality term by term from t = 0 tot = ty» we obtain 
h 
(a2uck --- + taZa)K = J (a,Biy +... + 8,4) dt. (39.4) 
e 


We will consider that the particular solution of system (39.1) interests us with 
initial conditions when t = 0: 


Zp ... == 2,, = 0 (39.5) 
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a ee 


(so it is, in particular, for system (33.15) and those similar to it). Then result 
of substitution of the value t = O into the left side or equality (39.4) turns into 
zero, and the equality takes the form 


d & 
ata t teeta | iP uet + be Baa) dt (39.6) 
8 


It is correct if Ups coos UL is the arbitrary particular solution of system (39.3). 


Let us now take some of the particular solutions of this system, namely, the 
solution Uggs sees Urge satisfying when t = ty the initial conditions 


sy=1 when jzwi. , 
Actually formula (39.7) determine not one particular solution of system (39.3) 
but n such solutions corresponding to different values i = 1, 2, ..., n. With 


substitution of such a particular solution into relation (39.6) 211 components of 
the left side except one will turn into zero, and we will obtain 


th 
Zin let, = J (Pia t --- + Safe) tt. (39.8) 
é 


Thus if there are found n particular solutions of system (39.3) under initial 
conditions (39.7) for 1 = 1, 2, ..., n, then quantities Zs, at any k can be found, 


no longer resorting to the numerical integration of differential equations, but 
only with the help of a oath less laborious process of calculation of 
definite integrals in formulas (39.8) ror i=1, 2, ..., nj; k=1, 2, ..., m If 
the order n of system (39.1) is less than the number of m variants of this system, 
then the total volume of calculations is reduced. Moreover, frequently it is not a 
necessity to determine the values of all quantities Zak when t = t,- dt is 


sufficient to be limited to the calculation of their certain linear combination 
(eta t +. nF andlor (39.9) 


where Cys sees Cy are certain coefficients not depending on k. Thus from formulas 
(34.4) i4t 1s clear that such linear combinations are quantities Zoe Zo and 25° 
Formulas (34.17) show that the same property is possessed by quantities 20K? 

Lk? 25k and 23K: Finally, proceeding from formula (36.16), it can be concluded 
that the same is correct with respect to zee - For example, 


” 
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Linear combinations of (39.9) for k = 1, 2, ..., m can be calculated having 
determined preliminarily all Zs by the formula (39.8). This will require 


integrating system (39.3) n times with initial conditions (39.7) for all values i 
and then calculating n x m integrals (39.8). But if one were to integrate system 
(39.3) with initial conditions when t = ty 


Bp RH lye oes Mg Cy (39.10) 
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anc to designate by u uy the cbtained cvarticular soluticn, then from formula 


woo 
(39.6) 1t follows that 
t 
oe + Cstedben= { Bat. + By) dl. (39.11) 
e 
Thus the calculation of linear combinations (39.9) for all values kK can be reduced 
th initisl conditions (39.10) 


only tc @ single integration cf system (39.3) wi 
and to the calculation of m integrals (39.11). 


The method of conjugate systems is not deprived scr deficiencies. First, it 
permits calculating by the described scheme of value z,, (zt, 2i_) only with one 
Value t equal to t,- If these values are needed for several values of t, then the 


problem is immediately complicated and becomes comparable in laboriousness with 
direct integration of system (39.1). Secondly, integration of the conjugate system 
of (39.3), the initial conditions for which are assigned when t = t,, should be 
conducted with a decrease in t from ty to zero. Therefore, it is impossible to 
conduct it in parallel with integration of the basic system of differential equations 
of motion of the rocket in a direction from t = O tot = ty. If with manual 


integration this does not cause special difficulties, then with the use of electronic 
computers it is necessary either to calculate coefficients Ss and Bay, in parallel 


with integration of equations of moticn and to store them in the memory of the 
machine (this requires a great volume cf memory) ur to repeat integration cf the 
equaticns in the cpposite direction (from t = t, to t= 0). In parallel with 


reverse integraticn coefficients a, and Bix are calculated, the conjugate system 
(or systems) is integrated, and integrais (39.8) or (39.11) are calculated, 

Both methods — direct integration of system (39.1) and the use cf the conjugate 
system (39.3) — require caiculation of a great quantity of coefficients 5 and By) 


by rather bulky formulas. Therefcre, with machine reading for standardization of 
calculations and reduction of the volume cf the program the influence of small 
perturbations on the trajectory is frequently investigated by the method of finite 
differences. Let us explain this method with an example. Let us assume that it 

is required to find the derivative Zhe of the fiying range by paraneter Ay with the 


turning off of the engine from the integrator, At first there is calculated the 
nominal trajectcry and determined the nominal flying range Lo and value of apparent 


speed Vso at the time or the turning cff of the engine. Then there is calculated 
the perturbed trajectory for wiich all the parameters except de are assigned by 
their nominal values, but parameter Ay is given a value distinguished from the 
nominal by the highest possible value +A, On this perturbed trajectory the 


moment of the turning off of the engine is selected in such a manner so that the 
value of the apparent speed at this instant would coincide with the earlier found 
nominal value Yeor The section of free flight is miscalculated, and the disturbed 


Value Lik is determinea, If for some reason there is confidence in the fact that 
the dependence of the flying renge on parameter a is linear with a change of the 


latter in the examined limits, then it is possible to be iimited by this and comsider 
that 


n= ean hy (39.12) 


However, more frequently there is miscalculated absolutely analogously the 
perturbed trajectory corresponding to the maximum negative deviation, dAY of 
parameter Ay at nominal values of remaining parameters, If Li, is the corresponding 


flying range, then formula 


ne tN pe pase 


ay = ete 
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L —2° 
=a (39.13) 


@ives more a exact derivative than the preceding one, and expression 


[42% _ 1] 


-can serve for an appriasal of nonlinearity of the dependence cf distan:e on 
parameter Ane If this nonlinearity is great, then linear formulas of type of 


‘formulas 08-57)" (36 19) do not completely reflect the dependence of deviations of . 


the flying range on deviations of design and other parameters. However, in an 
Overwhelming majority of cases with nonlinearity in formulas of type shown, it is 
possible not to consider, 


Therefore, in an approximate determination of derivatives cof a higher order 
with a use of finite differences it is possible not to discuss, although this is 
done rather simply. Let us note that it is especially convenient to use finite 
differences when calculations are made on the computer. On these machines it is 


‘easy to provide a reserve of accuracy of calculations sufficient enough that with 


the subtraction of close values Lik and Lk there is preserved the reyvired number 


of true signs. The fact that the actual calculations by the method cr finite 
differences are made by more monotypic formulas was already mentioned, It is 
obvious that with the help of finite differences it is possible ts catculate 
pee of the type i: $$ . especially in those cases wher. tie section of 
free flight is calculated by a more complicated method than was accepted in § 36, 
for example, by numerical integration of equations of motion considering drag and 
the flatness of earth, 


One of tne methods useful for investigation of the dispersion of rockets in 
the case of both linear and nonlinear dependences of coordinates of the point of 
impact on the perturbing factors is the method for which there has been given a 
number of names: method of static tests, method of Monte-Carlc, or, finally, the 
method of mathematical firings, a term best of all reflecting the essence of the 
matter. Ss metho spersion is estimated on the basis of results of 
calculation of several tens of perturbed trajectories, Calculation is produced by 
as complete equations of motion as possible, in which there are considered all the 
known perturbing factors or, at least, those of them whose calculation does not 
complicate excessively the integration of equations of motion. Perturbing factors 
are selected in such a manner so that they physically, or at least in a probabilistic 
meaning, are independent of each other. Values of these perturbing factors are 
assigned as independent random quantities for each of the calculated trajectories 
and for every factor. As the basis of the assignment of these values there are set 
the well-known or assumed laws of the distribution of perturbing factors. As a rule, 
this normal law with the mean value is zero with its standard deviation for every 
factor, With the output of random values either tables of random numbers (usually 
with manual count) are used or special random number transducers connected to a 


computer, or subprograms producing sequences of so-called pseudorandom numbers 
externally behaving as accidental with the defined law of arseribution: 

For each of the perturbed trajectories there are calculated not only kinematic 
characteristics but also values controlled by a control system, in particular, a | 
range control system. The moment of the turning off cf the engine is determined , 
proceeding from the selected control equation, i.e., the relation between magnitudes 
measured by the range control system according to which this system determines the 
moment of supply of the command for turning off. Thus at our disposal there appears 
a set of a certain number N of perturbed trajectories, more or less exactly reproducirg 


trajectories which can be realized during actual launches of rockets, For each of 
these trajectories coordinates of the point of impact Ly and 2 are determined, 


where 1 is the number of the trajectory (1 = 1, 2, ..., N), which then are processed 
as if they are results of real launchings. Let us give well-known formulas by 


- 
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which such treatment ts conducted, Mean values cf rane. .ic iateral deviation are 
calculated by the formulas 


w 

Tey Se. (39.24) 
fel 
a 

2—5 > 2, (39.15) 
tet 


These values are aiso cailed cocrdinates of the center cf clustering of points of 
impact, Further treatment is given to the deviation of points 6 mpact from the 
center of clustering: range error 

AL,=1,—T 
and deviation in a lateral direction 

AZ, = 2,—2Z. 
The standard range deviation is found by the formula 

ol i waz (39.16) 
a 


and the standard deviation in a lateral directicn, by the formula 


iv 39.4 
eZ = Wat ws si (39.17) 


It is possiole to manage without calculation of deviations from the center of 
clustering and use directly deviations from the calculation point of impact; then 
formulas for oL and oZ% will take the form 


a=Y 1. Ni - 4P—-Ne- 1) (39.18) 
ial 


where Ly is the nominal flying range, and 


eZ x }/ war S2i-aP . (39.19) 


These formulas give the same values as those preceding but permit reducing the 
calculations, especially if Ly is a round number, which 1s impcrtant during manual 
count. 


The correlation moment between range srrors and in a lateral direction is 
estimated by tne formula 


a 
Kee oy Yat AZ, (39.20) 
fai 
or 
~a {& 
kum pty ( Ye woz,-e-192). (39.21) 
jal 
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‘If that moment is not equal to zero, then the dispersion c: puints of impact is 
_characterized by an ellipse whose axes are turned with respect to axes L and Z. 
The angle of rotation a can be found from the relation 


s 2Kiz G22 
205 Ch Gz’ (39.22) 


This relation determines the angle 2a correct to m and, consequently, anyvle a 
correct to 7/2. In other words, formula (39.22) leaves the possibility Jt selection 


of one of two mutually perpendicular directions. So that selection becumes 
unique, it is necessary to consider that when Kis > O the major axis of the ellipse 


of dispersion is disposed between positive directions of axes L and %, and when 


Krz < 0 it is between the positive direction one of these axes and negative direction 


‘of the other. Usually the standard deviations oL and oZ are close In value, and 
-therefore the denominator of formula (39.22) and, at the same time, the value of a 
are determined with low accuracy. In the limit when oL = oZ if with this Ky = vs 


the ellipse of dispersion is turned into a circle and angle a, determining the 


‘direction of axes of the ellipse, in general, becomes inderinite. 


Other parameters characterizing dispersion, namely, L, Z, 39L and %, 4re 
determined by this method with an accuracy quite sufficient for pre7tiesk purposes. 
Thus, for example, if these parameters are estimated by results of the calculation 
50 perturbed trajectories, then E is determined with an error not ex¢Jdtng O.4oL, 
and oL with a relative error_of not more than 30%. In the same rela’ «cn errors of 
the determination of Z and oZ occur towards value of oZ. Usually erriurs cf the 
determination of parameters of dispersion are found to be considerabiy l-:ss than 
the limits shown here. The cause of the apnearance of these errors is clear; the 
calculation of perturbed trajectories is produced with the use of randcm numbers, 


and therefore the characteristics of dispersion of these trajectories are them- 


selves random variables subject to scattering. It is possible to increase the 
accuracy of determination of these characteristics by increasing the number of 
trajectories, but the accuracy increases, more correctly the errors decrease, only 
proportionally to the square root of the number of perturbed trajectories, so that 
it is possible to determine oL or oZ with a guaranteed error of not over 10% from 
results of a calculation of about 500 trajectories. Therefore, as already was 
stated in the beginning, we usually put up with comparatively the highest possible 
error in the calculation of oL and oZ but are limited by the calculaticn of several 


tens of trajectories. 


Quantities L, Z, oL, oZ and Krz completeZty characterize the dispersicn of 
points of impact if this dispersion obeys the two-dimensional normal law of distri- 
bution, As a rule, the dispersion is influenced by a great number of causes, and 
the influence of each of these causes 1s smali in comparison with the total 
influence of all others. In these conditions the law of distribution should be 
close to the normal. For the distribution of deviacvions obtained as a result of 
mathematical firing, the hypothesis about normal eneractse of distribution can be 
subjected to a check by using either Pearson criterion y* of the erlterion of 
Kolmogorov. The method of application of these criteria is not described here. 


: The method of mathematical firing has certain deficiencies along with a number 
of merits. The basic une is the impossibility to separate the influence on the ~ 
dispersion of separate perturbing factors, since during the calculation o: perturbed 
trajectories there appears only their joint action. Therefore it is difficult to 
determine with which of the causes effecting dispersion one should struggle first 
if this dispersion is excessively great. In connection with this the method of 
mathematical firings more Breer aay is used as a checking method, and design 
Calculations of dispersion are usually conducted by other methods similar to those 
above described. However, even in certain design calculations the method or 
mathematical firings can be useful. Let us assume, for example, that it Is 
required to compare several laws of range control and to select from them the 
optimum, just as in § 37 the optimum coefficient of compensation of the integrator 
was selected, For this purpose it is possible to conduct several series of 
mathematical firings with their law of range control in each series, For each 
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series there is determined the standard deviation in range oL, and that law is 
selected with which oL is found to ke minimum, 


If in each of such series the values of the perturbing factors are assigned 
independently of the other series, then the value oL, besides the law of control, 
will be influenced by the set of values of perturbing factors accepted for the 
given series. As a result the selection of the optimum law can appear erroneous, 

In order to considerably decrease the probability of such an error, it is expedient 
to use the same set of values of perturbing factors in all series, More precisely, 
for different trajectories wit!in the first series the perturbing factors are 
selected randomly and indepest:y of each other. The selected values of these 

factors are memorized. Wit« calculation of the i-th trajectory (1 = 1, 2, ..., N) 

of any subsequent series, values of perturbing factors will be taken the same as 

for the i-th trajectory of the first series. As ea res:lt the dependence of 
dispersion on the form of the law of control becomes more clear. If these comparable 
laws of control ere distinguished only the numerical value of one or several 
parameters (for example, the coefficient of compensation of the integrator, the angle 
of setting of its sensing device, etc.), then the dependence of characteristics of 
dispersion on these parameters appears smooth and optimum values of the parameters 
are easily found. 


In many cases for an appraisal of the dispersion and in the solution of other 
problems connected with the influence of small deviations of design parameters on 
the range of flight, there can appear useful approximate formulas allowing the 
calculation of range derivatives by design parameters nct resorting to numerical 
integration, Such formulas possessing an acceptable accuracy can be obtainec on 
the basis of the method of approximation of calculation of the flying range 
expounded in § 24. Let us find at first partial derivatives of range according to 
quantities Nand N,. Differentiating formulas (24.15) expressing Xo and Yo by 


N, Ny» %o and tos we will obtain: 


dx¢ ws gc08 qy (tc dN — dN,)+- 
+ @N cos q, df, — 8 (Nig — N,) sing, dy, 

deme Cuma ite dN .- dN) + 
or GIN sing, — te)tte + BINIg — Ni) 008 q, dy. 


, 


Let us exclude hence IP_? 
cosqydxe + sing, dyc=g (le dN—dN,) + g(N—te sing.) dte. 


The coefficient at dt,, on the basis of formula (24.16), turns into zero, 
Differentiating the relation (24.24), we find 


dy¢ = — AE dg. 


We substitute this expression for d¥e in the preceding equation 


(cos tr + singo] dtc = g (te dN —dN,) 


or, on the basis of formulas (24.17) and (24.22), 


N 
«(aes an—an,) 


dxqu COS Gp — bcos ¢, (1 —asing;) ° 


Consequently, 
an 


az 
Wo sin Gy COS @ (1 —b 4-08 sin) * (39.25) 
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The derivative of coordinate Xo by the design parameter 
by the formula 


kk can be calculated 


ez, ex, ON oN, 


dx, 
Ty a aay t aNE Thy" 
where partial derivatives ON/dA, and ON, /dA, van be determined by dicferentiation 
of formulas (24.30) and (24.31) according to design parameters entering Intu them: 
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in these furmulas one should consider 


teg== 0, 
Prams = 0. 


If range is dete mined by the formula (24.28), then for transition from 


- OX,p/9A, to dL/or, one should use formula 


& al te 1 ate 
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§ 40. Maximum Range of Firing 


To the number of problems connected with the influence on the flight or the 
rocket of small deviations of different factors belongs the problem of the 
determination of the maximum range of firing. 


Let us consider a single-stage rocket whuse propulsion system uses tuel 
consisting of two components, an oxidizer and fuel, Each of these cump.inents is 
placed in its own tank. 


For achievement of an assigned flying range L such a recket shculd expend a 
definite quantity of oxidizer and fuel. However when one considers a whole series 
of rockets cf identical construction and with identical nominal characteristics, 
then it will appear that each of them uses a different quantity of both oxidizer 
and fuel for achievement of the same flying range. This is explained by the fact 
that the values of basic technical characteristics cf the ruocket and alsv 
conditions of its flight are subject to randum scattering. 
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To the number of characteristics of the rocket essentially affecting quantities 
of the components of fuel necessary for achievement of the assigned flying range 
belong the weight of construction of the rocket, weights of the oxidizer and fuel 
filled in tanks of the rocket before its launching, specific thrust of the engine, 
total flow rate per second of fuel (oxidizer and fuel together), relations of flow 
rates of compcnents of fuel, and others. Of the external factors the role of 
temperature and density of air, wind etc. can be factors. 


Random scattering of all the values named leads to the fact that remainders of 
components of fuel in the tanks at the moment when the engine cof the rocket is 
turned off are also subject to scattering, i.e., are random variables. It follows 
from this that the computed value of remainders of the oxidizer and fuel for nominal 
characteristics of the rocket and nominal conditions of its flight should not be 
too small. Otherwise the rocket cannot reach the assigned range because of premature 


expenditure of one of the components of fuel. 


To each value of the sighting range of flight L there can be set into conformity 
the probability P(L) of the fact that reserves of components of fuel will appear 
sufficient for achievement of this distance. The less the probability P(L) the 
greater the sighting range of firing L, i.e., the distance at which the instrument 
sending command for turning off the engine is tuned. If one were to assign certain 
probability Po quite close to unity, then the value of range Lap for which 


P(L) = Po is called the maximum range of firing corresponding to the reliability 
Pos Let us emphasize that the discussion concerns the “istance accessible almost 


by any rocket of the examined series. The rocket separately taken, with a 
favorable combination of design parameters and in favorable conditions, can fly at 
a distance considerably greater than La - On the other hand, a certain insignificant 


‘portion of the rockets (1 - Py) cannot reach this distance. The maximum range Lny. 


characterizes the whole series or a given type of rocket as a whole and does not 
have a direct relation to the maximum possible flying range of the separate rocket, 


Nominal remainders of components of fuel in the tanks (i.e., remainders 
calculated for nominal values of characteristics of the rocket and nominal external 


conditions of the flight) corresponding to maximum ranges of firing are called 
In other words, guaranteed reserves 


guaranteed reserves orf components of fuel, 

of fuel are such reserves whose presence in tanks of the rocket during its motion 
about the nominal trajectory provides achievement of the assigned flying range with 
the probability Pp. , 


The problem of the determination of the maximum range of firing and guaranteed 
reserves of fuel can be solved by different methods. A more accurate method is 
based on the obtaining of the dependence P(L) aid solution of equation P(L) = Po: 


We will not proceed this way, since it leads to bulky analytical calculations and 
time-consuming numerical calculations. Let us dwell on another less accurate 
method which is simple in its calculation scheme. 

We wi?l consider that factors Ay affecting the trajectory of the flight of 
the rocket experience only small deviations DA, leading to small deviations in the 
flying range 5L and remainders of the oxidizer oafocr) and fuel ealres in tanks, 
which the connection between these small deviations is quite accurately described 
by linear equations of the form 


epee ee 


tate ne ee 


OL ae 1,52, ++ AL, +... + LAD (40.1) 
OGL wee APs + @gADs +... La Ale (40.2) 
BOL wm BAD, + Baler + 2. fp dg Ala (40.3) 


In these formulas it is assumed that deviations 565L, og(2°*) and 6G(9°T) correspond 
: On r 


to the constant time of operation of the engine, which is equal to the nominal time 
of work ty necessary for achievement of the assigned distance during flight. on 


: 
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along the perturbed trajectory it is necessary to change the time of vuperation of the 
eT) 


engine. Derivatives of values L, of? * ete?) in wime cf operaticn cf the engine 


will be designated by a dot. Deviations of these values from ‘the neminal values, 
taking into account the change in time of operation of the engine will te designated 


ocT oc 
AL, ach? ) and acl Pl For them these expressions are correct 


AL == dL+ Lf, . 
BOS x= SGI + GMA, = 8G” — G At 
AOE x= 8G + GIA, = 3GI — G40). 


on the undisturbed trajectury, For achievement of the cine aistanee vuring motion 
; 
i 


where One and Gh designate the flow rates per second of the oxidizer and fuel: 
Gu = (6% . 
G, =: [Of]. 


The change in time of operation of the engine on the perturbed trajectery 
At, will be determined from the condition of constancy of the flying rane 


” AL=0, 


whence 


Af, = — 2. 


L . 


consequently, 


Bots? = 20s" + Se oc, 
note? a sa -+ Sr ae. 


Using formulas (40.1)-(40.3), we obtain 


a 
sG= Vy a,+ Geet, A?,. (49.4) 
gel 


: 
dare Ni (4+ gy ADs. (40.5) 


In practically all the encounte-ved cases we can assume that deviaticns Ary ol 


factors affecting the flying range and remainders of components of fuel in the tanks 
are independent random quantities subordinated to the normal law of distribution 
with the mean value zero and with the standard deviation Ory With this assumption 


from formulas (40.4) and (40,5) there ensue the following expressions fcr standard 
deviations of remainders of the oxidizer and fuel: 


‘ OS” == N a, + Fee ,) (ora? (40.6) 
ast 


op Y (0+ eh) or. (40.7) 
ast 
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From formulas (40.4) and (40.5) it is possible alsc tc conclude that remainders 
of components of fuel are random variables having a normal law of distribution, and 
that their mean values are equal to zero (see § 31). 


Let us assign a certain probability Po close to unity. From the equation 


ae ie gae oa 
pe [ee Bae feta 
= 
Loa 1 Vm’ 
one can determine such value k that with the probability Po the random deviation 


of quantity &, obeying the normal law of distribution with the mean value zero and 
standard deviation o, in absolute value will not exceed ko. As was alrcady 
menticned in § 31, the most commonly used are values Po =~ 0.997 corresponding to 


k = 3 and Po = 0.993, to which the value k ~ 2.698 = 2.7 corresponds. 


As guaranteed reserves of the cxidizer and combustible are the values 
Of” a= koOS” (40.8) 
and 
Of an & 0” (40.9) 


respectively, where oaho°7) and oa6°°") are standard deviations of remainders of 


components determined by the formulas (40.6) and (40.7). Let us estimate the 
probability of achievement of the assigned distance L during flight about any 
trajectory, if reserves of components of fuel are selected so that during flight 
for this distance along the nominai trajectory remainders of components at the 
time of the turning off of the engine have values determined by the formulas (40.8) 
and (40.9). 

Distance L can be attained with flight on a certain perturbed trajectory, if 
remainders of tie oaldizer re and fuel a calculated for the moment of the 
turning off of the engine on this trajectory corresponding to the flying range L, 


are found to be positive. Let us consider each component of fuel separately. With 
the probability Po the random deviation of the remainder of the component will not 


exceed KaGlOCT) , In this case the remainder of the compcnent is (oct) positive, 
ocT 


since the nominal value of the remainder is accepted equal to koG . If, however, 


the deviation of the remainder exceeds koGl2°?) | then with respect to a shortage 


of this component only the case of a negative deviation is dangerous. In virtue 
of the symmetry of the normal law of distribution the probability of shortage of 


a given component of fuel is equal to z(t - Po)- 


There are four possible results of the launching of a rocket: 


1) oS">0, a°">0; 
2) - O8°S0, oP <0; 
8) Om" <0, a>; 
4) os" <0, af" <0. 


Their probabilities will be designated respectively by Py» Pos Ps and Py. The sum 
of these probabilities should be equal to one 


Pi +P, + Py +P, t. (40.10) 
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aS shortage of an uxidizer, having according to the .roven tae prebablillty 
3(1 - Po)» is encountered at the third and fourth resul:s, su tiat 


P,+P,= yl —Py. (46.11) 
Analogously the probability of the shortage of fuel is equal te 

Py+ P= 4 (1 — Py. (40.42) 
Subtracting from equality (40.10) the sum of equalities (40.11) and (40.12) we cbtain 

P\- Py=1 —(1 — P), 
whence 

Pym Pat Py> Py 


But PL is the probability of only a favorable result, i.e., the probability of 


achievement of the assigned flying range. Thus the expounded method of dicerminatden 
of guaranteed reserves of fuel in the case of a single-stage rocket, Yor which the 
reserve of fuel is placed in two tanks, provides achievement ct the asstuned flying 
range with a probability though not exactly equal to Py but in any case not smaller 


than Po- Because of its simplicity this method is used in more comoa. :ated cases, 


i.e., for rockets with more than two tanks (the number of tanks ang not the number 
of different components of fuel is important, since the guaranteed reserve shoulda 
be foreseen in each separate tank). But in these cases it no longer allowed to 
affirm that the probability of achievement of maximum range will ncz be lower than 


Po: 


In conclusion of this paragraph let us touch upon the method of determination 
of coefficients a, and b, in formulas (40.2) ana (40.3). Coefficients tae 


characterizing the influence of different perturbing factors on the flying range, 
coincide with coefficients Zu k introduced in § 36 and are calculated by methods of 


the preceding paragraphs. Calculation of coefficients ay and by is usually made 


considerably simpler, Thus, for example, for the remainder of the oxidizer at the 
time ty it is possible to write the expression 


One” w= On 0,0 ° 


where o(°) is the weight of the oxidizer filled in the tank uf the rocket before 
the launch. It is expedient to express the flow rate of the oxidizer On in terms 
of total fuel consumption G and the relation of flow rates of components 


“oe Oe: 
i=": 
'e 
The fact is that for liquid-propellant rocket engines the quantities 6 and k can 
be examined as independent random quantities, while the flow rates of components 


Gon and G. are connected by a rather substantial correlation dependence. The 
expression for Gor in terms of G and k, obviously, has the tf'orm 


& 
Ou FET O. 
so that 


on 02— 4, ér, (40.13) 
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and, analogously, 


Of" = OF — 1 Oh, (40.14) 


Differentiating these dependences and replacing the differentials by finite 
increments, we will obtain for ty = const: 


: at Gt 
Ge" = 3G — 977 36 — a (40.15) 


; Gt 
802" = SOP — git AG + Bie Ak. (40.16) 


Quantities al), gio), G and k should be included in the number of parameters Aye 


Tne formulas obtained are a concrete reccrdines of relations which in general form 
were represented by formulas (40,2) and (40.3). If any of parameters »,, for 


example, specific thrust Pyn? does not directly affect remainders of components or 
fuel (at fixed t = t,), then the corresponding coefficients ay and bd tn formulas 


(46.2) and (+#0.3) should be considered equal to zero. In exactly the same way one 
should consider coefficient by equal t. zero with a deviation of such parameter Aye 


which enters into formulas (40.2) and (40.3) but does not affect the flying rane 
with a constant clme cf operation of the engine (for example, the relation of flow 
rates of k compcnents). 


For different concrete schemes of engine installations ccpenzences (40.2) 
and (40.3) can appear more complicated and contain a greater quantity of different 
factors than in formulas (40.15) and (40.16), but this fundamentally changes nothing 
in the method of calculation of the guaranteed reserves of fuel. 
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SELECTING THE FORM GF THE TRAJECTORY 


aia a oe ore a aa ie ee ee a eC ck * ai ee eta 


195 


re 9p erg nee cern 





"ARR TEE RR eT Te TAT ERTS AER RS UAT SRS ANA eA ARAMA nage SH a gta ita nlite egal i tg ef tt 


Ae et Ee eee ts 2 EN I 0 Bera eo apse ee. 


CHAPTER X 


FORMULATION OF THE PROBLEM OF THE SELECTION OF f ROGRAM 


§ 41. Requirements for the Program 


In this part basic questions connected wit the selection of the prosram of the 
pitch angle will be discussed. 


The program of the pitch angle, and sometimes and simply the progrum, is the 
law of the change In the angle oF Inclination of the axis of the rocFet. Sometimes 
the program is called the law of change in the angle produced by the Lrocramer., 
Angles of inclination of the axis of the rocket and angles assigned by the programer 
do not coincide. However, the influence of this noncoincidence on the basic properties 
of the trajectory is insignificant. Therefore, in all ballistic calculations except 
calculations by the most general equations of motion (% 14, 16), it is assumed that 
the artic of the rocket strictly fulfills angle turns assigned to 4t by the programer. 
Usually the law of change in the pitch angle is set dcpending upon the time, 
The law of change produced by the programer is designated in the form of the function 
%, (t), and the true change of the angle of inclination of the axis 1s recorded in 


the form of 9(t). As was already mentioned, we will consider that g(t) = Pop (t). 


Equations of motion contain a program as an assigned function. Therefore, final 
results of integration of equations of motion, i.e., ve? Yur tae Oye the cull jistance 


L or other characteristics interesting to us to a considerable degree are determined 
by function g(t). The selection of this function is directly influenced by three 
basic factors: design parameters of the rocket, peculiarities of control system, 
and problems posed before the trajectory with the launching of the rocket. 


If, for example, it is required to select trajectories providing ultimate range 
for two different rockets with an identical control systems, then this will require 
application of different programs of 9(t). For the formaticn of trajectories 
providing minimum dispersion for the same rocket different programs are required, if 
one were to proceed from different principles of the range controi of firing. The 
same rocket with the assigned control system requires application of different 
programs of the pitch angle depending upon whether it is required to provide maximum 
range, minimum dispersion, maximum altitude of flight or some other quelity of the 
trajectory. 


Thus to give a single rule for the selection of a program useful for all possible 
cases is impossible. However there are certain general principles which one should : 
follow almost in all cases, We will dwell on them more concretely. 


In Chapter V dependences were derived allowing the judging of the Influency of 
the finite angle oy on range. In the same chapter it was shown that for every pair 








- of values Vx and hy there can be found angle 9, at which the distance will be 


maximum. Such an angle was celled optimum because it permits the best use of the 


energy acquired by the rocket on the powered section. "ut the values themselves v,, 


and h, depend on the angle », and function 9(t). 


K 
In most cases, proceeding from requirements for the trajectory, the function o(t) 
should be selected in such a way that the range is obtained the greatest possible. 
However, this does not mean that before the program is placed the problem of the 
achievement of maximum theoretical range as obligatory and essential, although flying 
range is one of the most important tactical characteristics. The requirement of 
obtaining maximum range when necessary should be subordinated to other more important 
requirements whose fulfillment is technically more complicated than the achievement 
of the assigned range. To them, in the first place, one should relate the requirement 
of minimum dispersion. Therefore, the problem of the selection of a program is the 
determination of such function 9(t), which for the assigned rocket with the accepted 
method of control, in particular, the method of turning off the engine, would provide 
the assigned distance insignificantly differing from the maximum with minimum 


-disyersion, 


At present several solutions of the variational problem are known according to 
the selection of optimum (from the point of view of obtaining range) program, but 
the majority of them is obtained with certain simplifying assumptions or for 
particular cases of motion and neglecting peculiarities of the defined control 


system and method of turning off the engine. 


But even in the presence of a common solution of the problem in our setting it 
was necessary to check the obtained program from the point of view of fulfillment of 
a number of requirements imposed by conditions of strength, stability, convenience 


“of exploitation and others. Consequently, for the solution of the variational 
‘problem it is necessary to impose corresponding additional limitations from conditions 


of fulfillment of the mentioned requirements. 


To such limitations, in the first place, pertain the following: 
1) vertical launch and definite duration of vertical flight; 

2) continuity 9(t), O(t), $(t) and limitedness $(t); 

3) limitedness of normal G-forces; 

4) zero angles of attack at speeds close to soun?; 


5) special conditions caused by the method of control and turning off of the 
engine; 


6) firing at any distance in an assigned range with one or a minimum number 
of programs. 


Let us turn to the consideration of causes which are caused by requirements 
mentioned. 


1. Vertical launch is the most convenient and simple and requires no special 


‘directrixes and other devices and apparatuses, To set the rocket vertically is 


considerably easier than to set it exactly at an assigned angle. 


Besides this, in a vertical launch there is a minimum of lateral shifts of the 
rocket, which can take place with a slanted launch in the first seconds of flight. 


Duration of the vertical section is determined mainly by the time necessary 
for the controls to be sufficiently effective. This in turn is determined by engine 


performance. 
2, The requirement on continuity 9(t), $(t), $(t) and limitedness $(t) 18 


- conditioned by possibilities of instruments and controls. Really, a break in function 
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@(t) contradicts the physical meaning of the program, and a break in function $(t) 
for break in curve a(t) corresponds to infinite controlling moments. A break in 
unc tions o(t) corresponds to an instantaneous change in moments, i.e., angles of 
deviation of cor.tcol surfaces or infinite angular velocities of control surfaces. 

The limitedness {(t) is dictated by limited possibilities of controls, since the 
maximum value of $(t) is determined by the maximum deviation of the control surfaces. 


Thus the program assigned to a certain control circuit requires fulfillment of 
conditions of $ 2. In certain cases the exact observance of these reauirements can 
be refused if the appearing mismatches between 9 and Pry. will not have considerable 


2 
influence on further flight, since they will be able to be d:pleted by the control 7 
system for a sufficiently short interval of time. 


. 3. Axial loads on the rocket are determined mainly by parameters, namely v,, 
and Hye Therefore, the program cannot render consiaerable influence on G-forces in 
an axial direction. Regarding transverse G-forces, they depend mainly on the 
magnitude of the aerodynamic moment, which is closely connected with angles of attack 


and, consequently, with the program. 


: This circumstance imposes on the program the requirement limitinj: the macrnitude 
of the aerodynamic moment determined by the product 


M,, ioe eS —§) (*, a x,) 


(formulas 11,17) and (11.19)). 


‘ Calculations show that substantial change in the moment gan be reached only 
owing to angles a, since the change cy = (de,/da) and q = (pv“/2) on the trajectory 


depends on the program in a much lesser degree. Thus with calculation of the program 
'4t 1s necessary to limit angles of attack in such a manner that obtained aerodynanic 


moments do not require too durable and heavy construction. It is clear that this 
requirement with respect to the magnitude of allowed angles of attack pertains mainly 
to sections of the trajectory with hign velocity heads, it is desirable to pass 
these sections with miminum or zero angles of attack. 


4. As a rule, effectiveness of controls does not depend on the speed of the 
rocket and conditions of the flowing around. But the region of speeds (Mach numbers) 
Mea 9,8-1,.2 18 characterized by a sharp change in aerodynamic coefficients, For the 
operation of controls coefficients de,/oa and om, /da have singular value. Desiring 


to reduce the influence of sharp changes of these coefficients to a minimum, tt is 
nceessary +o take care that the indicated region ** nasseat with zero angles of attack. 


5. Requirements of this pojnt are not general and in an identical measure are 
obligatory for ail rockets. Depending upon conditions of the operation of systems 
vf measurements and instruments of control of the rocket and also the providing of 
definite properties of the trajectory there can appear special requirements for the 
program, for example, the requirement of providing rectilinearity of the trajectory 
on some segment, limitation in assigned limits of the angle between the axis of the 
rocket and communication line of the rocket with the ground center, motion at constant 
angle pitch, and a number of similar requirements. 


6. This point provides the possibility of firing at all distances in the 
assigned range with one or a minimum number of programs. For rockets possecsing 
comparatively small distances (up to 1500-2000 km) or greater distances but ina 
quite narrow range, this condition is satisfied comparatively easy, since optimum 


programs connot differ greatly from each other, 


s 


For rockets, possessing a wide rage of distances, when it is impossible to 
select a quite satisfactory program (one) fcr all distances, it can be necessary to 
divide the range into several smaller ranges. In this case it is necessary to try 


to bring the number of ranges to a minimum. 


The requirement of this point, just as that of the preceding, is not obligatory 
for all rockets, 
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§ 42, Maximum Range and Minimum Dispersion 


Let us consider in the common form the conditions of obtaining the maximum 
range and minimum dispersion. 


In the solution of the problem of the achievement of maximum range we should 
proceed from the fact that the rocket possesses a definite reserve of fuel, which 
is completely expended during acceleration on the powered-flight trajectory. This 
quantity of fuel at nominal values and design parameters of the rocket can be set 
in conformity to the definite time of operation of the engine tee Let us consider 


for simplicity the plane motion (analogous reasoning can be conducted for spatial 
motion) with which the flying range can be expressed as a function of four kinematic 
parameters, for example, speed, angle of its inclination to the horizon and of the 
two coordinates taken at the time of the turning off of the engine: 


L= {(v,. 6,. Xue Ve)- (42.4) 


We will modify the program of the angle of pitch, keeping all other paremeters 
of the rocket constant. This means that instead of the moticn of the rocket on the 
nominal trajectory with 9 = p(t) there is examined the motion with 9@ « 9, (t) + 
+ 69(t), where 69(t) 1s the arbitrary deviation (error in the fulfillment of the 
program), possible in real conditions. With this we obtain the variation of 
parameters of motion at the end of the powered-flight section and, consequently, the 
variation of the full range. In conformity with that said above, these variations 
should be taken for the fixed moment t, corresponding to the complete expenditure 


of fuel, and the necessary condition of achievement of maximum range can be recorded 
in the form 


Before writing down the condition of minimum dispersion, let us note that in 
actual flight with an operating range control system the deviation of the impact 
peint from the assigned does not depend directly on the maximum time of operation 
of the engine ty,» but is determined by deviations of parameters of motion Ve? oe 


Xy_x2 and Y, at the time of the actual turning off of the engine on command from 
automatic range control device. Thus, designating these deviations Avy 46» Axn9 
and SY x» the condition of minimum dispersion will be written thus: 


BL we Fe Sa Se My + Se Ary + SE Sy, 0. (42.3) 


More precisely, this is the condition of minimum influence of deviations of the pitch 
program 59(t) on the deviation of the point of impact with an operating range control 


systen,. 


In general the turnings off of the engine by one of the possible methods (with 
the help of the integrator of axial G-forces, with the achievement of the assigned 
Speed, with the achievement of the assigned combination of coordinates and speed, 
etc.) of the variation of parameters of motion at the end of the powered-flight 
section will be composed of variations of parameters at the calculated moment of 
turning off of the engine t, and variations induced by a change in time of the 


turning off of the engine dt, so that 
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Boy b0L..,, +o Ate. 

M0, = 08 |,., + At. 

iA =Oe |, +2 At, (42.4) 

by, = dy |.., + Z Ate 


(let us recall that both these and other variations are caused in the examined case J 


only by a variation of the pitch angle 69(t)). 
Substituting these variations into expression (42.3), the condition of minimum 


dispersion will be obtained in the following form: 
oL el eL ol 
AL bv 60| ot oy é | 
=o tart ar ox Lace 7 ae 


OL dv ol a ol @ ol dy 
+(SFt+SSt+HSt+H Zao, 


or 
aL aL aL 
atm 500], + Se | tae, + ho 
oL a 4s, 9 (42.5) 
+54 tr <= 0. 


Comparing conditions of maximum range (42.2) and minimum dispersion (42.5), we 
arrive at the conclusion that in general these conditions are not identical, and they 


cannot be feasible simultaneously, 


If the condition of the maximum range does not depend on the method of the 
turning off, then the condition of minimum dispersion depends cn the method of 
turning off of the engine, since at. will be determined namely by the method of the 


turning off of the engine. Only in one particular case, namely, when turning off 
of the engine is produced after achievement of the assigned time of operation, do 
these conditions completely coincide and, consequently, are fulfilled simultaneously. 


This by no means mean that such a method of turning off is good, and only 
signifies the fact that of all the possible programs selected for such a method of 
turning off the best in the sense of accuracy will be that one which simultaneously 
corresponds to the maximum renge. ‘The very method of turning off by time is not 
applied in practice in view of the extremely great methodical errors peculiar to it. 


Since with all other possible methods of the turning off of the engine conditions 
of maximum range and minimum dispersion do not coincide, it is necessary during 
calculation of the concrete program of the pitch angle to assign a condition whose 
fulfillment should be provided in the first place, and fulfillment of the seconc 
condition can be only checked; more correctly not the second condition but the degree 
of deviation from it can be checked. In practice most frequently it is necessary to 
discover a certain compromise solution, giving satisfactory accuracy and at the same ‘ 
time not very great loss in range comparatively with the highest possible, 


. So that peculiarities of the selection of a program become clearer, it is 
necessary to dwell on one more question. The fact is that it is important to provide 
fulfillment of the condition of minimum dispersion not only for the upper limit of . 
the assigned range of distances of firing but also for any distance starting with 
the minimum. In the opposite case firing at lesser distances will be produced with 


greater errors than that for greater distances. 
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Tn vrinciple such a problem is feasible the nore s0 because the condition of 
providing maxitsum range drops with the seiec.ion of programs ror firing at any 
distances e-.cept the region of maxitum rariges, Thus the program providing fulfiiiment 
of the condition of minimum dispersion on the whole range of distances ‘and without 
freat losses in the maximum range) would be best, 


The selition of tue corresponding variational protlem can dstermine the program 
satisfying the selected conditions only for one distance, If for this distance we 
rake the maximum, then for any other distance lying between the maximum and minimum, 
the obtained program will not provide minimum dispersion, since for every dictance 
solution of the variational problem will give its program different f:om that of 
others, Thus we arrive at the conclusion that the solution of the variational prcbien 
in principle does not permit selecting such a program which would give minimum 
dispersion on the all range of distances, it is possible oniv by finding one of 
solutions to check it for other distances for the purpose of clarification of limits 
of applicability of one program, 


Trrespective of what the method of turning off of the engine and what the 
program providing minimum dispersion, the maximum range in all cases is checked by 
the calculation, 
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CHAPTER XI 


METHODS OF SELECTION OF A PROGRAM 


§ 43. Selection of a Program of Maximum Range 


Let us discuss the applied procedures of determination of the maximum range of 
the rocket, Let us note that the exact solution of the probiem on maximum range is 
not obtainec in finul form. However, there is known a number of Solutions obtained 
with certain sinplifying assumptions, which give good orientation for tne selec ion 
of a program of maximum range in real conditions of the motion, 


In § 24 there is examined the variational problem by definition of the program 
o2 maximum range under conditions of a plane-parallel fleld of forces and the absence 
of atmosphere. Ii is shown that a certain constant direction of traction of the 


engine, devending on the basic design parameters of the rocket, realizes a maximum 
of distance: . 


Examined in article [11] ts the variational problem by selection of the program 
of pitch angle providing maximum horizontal speed at an assigned altitude, 


The problem is solved on the assumption that motion occurs cutside the outside 
the atmosphere in a plane-parallel field of forces, As a result of the Solution it 
is obtained that the tangent of the pitch angle with the optimum program should be 
a linear function of time, i.e., 


eq = 5 ¢q— cet. (43.1) 


It is possible to establish that the solution of the variational problem for detecting 
the extremum of the functional, expressed in terms of the parameter of motion at the 
end of the powered-flight section, leads to a program determined by equation (43.1) 

or more general linear-fractional function 


et 
*t—Tya- 


In this article there is examined another problem in a more complicated setting, 
namely, there are considered the changeability of the field of gravitation and 
rotation of earth. For obtaining an optimum program it is necessary to solve the 
complicated system of transcendental equations, attracting numerical interation 
methods, 


Not dwelling on this more specifically, we will say only that various examples 
of the numerical solution of the examined problem lead to pitch angle programs very 
close to the linear dependence of the pitch angle on time: 
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= G+ 4h. (43.2) 
Depending upon basic design parameters of the rocket, the values % and 9 assume 
different meanings realizing a maximum of distance. 


Up till now we have talked only about results and possibilities emanating fron 
the formulation and solution’ of variational problems with certain simplifying 
assumptions, Hor mist we proceed with the detecting of optimum programs in real 
conditions? 


It is necessary to consider that everything stated above no matter what without 
serious changes can be applied to sections of trajectory lying outside the atmosphere. 
If the discussion is about a single-stage rocket, then this is correct for the most 
final stage of the powered-f.ight trajectory, on which the role of the atmosphere 
is already insignificant. If a multistage rocket is examined, then usually this 
pertains to all the stages starting from the second. Possibilities of the selection 
of a trajectory of the first stage of a multistage rocket and the greater part of 
the trajectory of a single-stage rocket are rather rigidly limited by those conditions 
about which it was mentioned in § 41, 


Thus we arrive at following rather standard scheme of selecting a program of the 
pitch angle: 


4. Calculation is conducted of the vertical section of the trajectory up to a 
certain moment t;. This time can vary with the selection of the trajectory and 
therefore is examined as one of the free parameters. 


2. Calculation continues of the trajectory from moment t, under the condition 
that nonzero angles of attack can be allowed only up to the value of the Mach number 
M = 0.7-0.8. After that angles of attack should be close to zero during the period 
of the whole flight up to the moment when the influence of the atmosphere on the 
motion will not appear sufficiently small. Such a condition corresponds well to the 
dependence of the form 


a= ak(k — 2), (43.3) 


where 


& = 2e*lt.-A, 


@ is the limiting value of the angle of attack on the subsonic section of the 
trajectory, and a is a certain constant coefficient usually selected for the entire 
examined class of rockets, The trajectory is most sensitive to the quantity a, 
which is examined as a parameter of the family of programs. 


It 1s easy to see that the dependence (43.3) assigns the angle of attack in the 
form of a curve, which rather quickly attains its maximum (in absolute magnitude) 
value, and then decreases, at first quickly, but with an increase in time slower 
and slower, tending to zero when t->@, Coefficient a will be selected in such a 
manner that when M = 0.7-0.8 the angle of attack would already be practically equal 
to zero, Thus it is possible to examine the family of programs of the pitch angle 
dependent on two parameters: ty and a. 


For single-staze rockets whose powered sections are sufficiently short, the 
t ectory of the maximum range is selected from such a family of two-parameter 
k grams, The problem usually is solved on an electronic computer by means of 
calculation of a certain number of trajectories and detecting the extremal solution 
by two parameters. 


If the powered section is prolonged enough so that at the end of it, after 
getting out of the region of intense aerodynamic action, it is possible to move again 
with nonzero angles of attack, then usually from some moment we pass to the program 
with a constant pitch angle. The basis for this is results of the solution of the 
variational problem for the maximum of distance under conditions of the plane-parallel 


203 


F Aaah 


8 a ere 


TRE eR a 


eich canon 


4 

a 

t 

: 
el 
mo td 
E 

: 

: 


“ee ee 





field of gravity and the fact that on the powered section this field differs little 
from the plane-parallel. 


In the examined case the program of pitch angle has the form depicted in Fig. 
43.1, In the same figure there is shown the character of the change in the angle 
of attack. For programs obtained with every pair of values ty and a, the magnitude 


of angle @ = const on the last segment is uniquely 
connected with time ts of the transition to this 


constant le, Therefore time t, can be examined 
3 


as the parameter selected with the solution of the 
extreme problem for the maximum of distance. 


Thus in general the problem is reduced to a 
three-parameter extremal problem if there ere no 
special conditions or limitations which determine 


of the maximum range. It is possible to indicate, 


by maximum value of the velocity head connected 
either with conditions of loads on the rocket and 
its strength or with conditions of stabilization 
with limited effectiveness of the controls. There 
can be limitations acccrding to the maximum 
permissible value of angular velocity of the turn 
ef the rocket or the minimum permissible value of 
time t, (or the path passable on the vertical 
Section of the flight). 


With calculations of the trajectory by 
selection of the program of pitch angle it is best 
of all to use equations of motion of the form 
(14.25), f.e.,: 


Fig. 43.1. 


dv =P—-X a eo. 
“at = a —8 sind — | & +05 8, 


d 
Zt = vsind, 


a t i 
z=slel" +95 6) —gcosé +7 esing]. 


v 


On the vertical section the third of the equations of this system is not 
integrated, since 


Sagas. 


On the interval from t4 to ts the angle of attack pursues in accordance with the 


dependence (43.3), where the above described procedure of the selection of the value 
& provides smaliness of the angle of attack in the transonic region. 


The program pitch angle is defined as sum of the assigned angle a and the angle 
@ obtained as a result of integration. After moment tz) conversely, the pitch angle 


is assigned in the form ? = const and the dependence 


emb+a 
is used as a static relation for determination of the angle of attack. 


The problem of the selection of the program of pitcn angle, as can oe seen from 
the above mentioned recommendations, even for the simplest case, which is the 
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for example, the limitations encountered in practice 
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condition of the maximum of distance for a simple Single-stage rocket, in a 
calculating relation is quite complicated. It is necessary to conduct many monotypic : 
calculations where the error in one of them raises dowvt avout certain oiners. = 
Therefore, the operation manually, as a ruie, occunies a very lenge time, requires hirn 
qualification of calculators ani application of the thriftiest methods of detecting 
optimum values of parameters of the pre ram, Now similar calculations are conducted 

z only with the use of electronic computers, which permits freeing from the indicated 
deficiencies of manual count, 


Directly for calculations of the trajectory it is necessary to follow : 
recommendations given in § 27. Regarding methods of detecting the extremal solution, 
then, in general, it is possible to use any cf the well-known conducting calculations, 

Methods of gradient or the very fastest descent are useful. ' 


It is possible to use also the approximation of the dependence L = r{t,, a, ts) 
in the form of a poiynomial of the second degree: 


* ~ ‘ 1 eo , fmm, 27® 
b= byt h,tit bot bifs+ gba + bya? + bi) + 
e.7- * ow 43.4 
HE, hat Lip hils + Ly ats ( ) 
ten coefficients of which are determined from the solution of the system of algebraic 


equations composed from results_of calculations of ten trajectories with ten different 
combinations of parameters ty» a, and t3- Further, by equating to zere the first 


t deviatives from distance by each of the parameters, we obtain the system of three 
| algebraic equations: 


x ae b+ Lig t+ tae + bests = 0. 


=u mw 


Salt ht iat Gt=0. (43.5) 


watt Ltt te = 0. 





the solution which gives the unknown values of parameters ty a, and ts, realizing 
in the first approximation the maximum of range. 


With detecting of the program of maximum range for & two-stage rocket we proceed 
approximately the same way. The difference isthat in principle the quantity of 
parameters of the program can be increased up to any value, since limitations similiar 
to those which were on the atmospheric section here are absent. However, on the basis 
of known solutions of variational problems, it is impossible to expect that programs 
of more complicated forms than those linearly variable with time can give substantial 
gain, 


Not dwelling on proofs of this position, we will note only that by 
calculations there is checked the impossibility of obtaining practically a noticeatle 
gain in distance due to the complication of programs comparatively with the simple 
ones, However, even consideration of linear programs delivers two additionai 
parameters, which are the initial angle % II and the speed of its change on the 


second step Or7> and thus the quantity of free parameters is increased to five, and 
together with this difficulties of a purely calculating property connected with 
detecting of the extremum increase, The problem in such cases is reduced to a three- 
parameter one, proceeding from the following considerations, 

Parameter ts can be lowered completely, since owing to the variation of the 
program on the short-duration section of the trajectory between moment t, and the 


end of first stage it is difficult to reach a practical gain. The duration of the 
vertical section of the trajectory (up to moment t,) is selected as small as possible, 
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since the larger it is the steeper the trajectory (losses in speed for overcoming 
terrestrial gravity are increased) and the more difficult it is to achieve a turn of 
the speed asubsequentiy (greater angles of attack are rewired), 


Thus selection of the trajectory of the first stage is produced only ty one 
parameter a, To eact. of trajectories of this famliy there can be appiied any program 
in the second stage of a two-parameter family {o, ii? e.). 


It 18 necessary here to make one remark, The fact is that with a similar method 
of composition of programs of the pitch angle, angles at the end of the first stage 
PH x and in beginning of the second stage % XI: cannot be jcined, and between them 


there can be formed breaks of greater or smaller magnitude. This wili disturb point 
<= of requirements for tne program cstavilched in $41. However, this disturbance 
Will be only formal, since it is allowed only on the preiiminary stage of 
determination of the mest advantageous program. After the form and tasic quantitative 
characteristics of the program was determined, subsequently it was "refined," 1.¢., 
acute angles on joints of neighboring sections were smoothed and "jumps" were 
eliminated with help of smooth transitions from one section of the program to another. 
With the organization of such smooth transitions we usually proceed from magnitudes 

of permeethre angular acceleration, determined by possibilities of the system and 
controls, 
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Moving on the first part of the section of coupling with constant acceleration 
of one sign and on the second part of the other sign, it is possible to carry out 
@ sufficiently smooth transition between two s -slgned sections of orongram, as is 
shown on Pig. 43.2. With this the duration of the section of the program on which 
there is realized a jump of a given magn.tude will be 
minimum, 
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From everything that has been said it follows that 
the optimum in the sense of maximum range program for a 
two-stage rocket is selected from the family or three~ 
parameter programs, where as parameters there are 
Selected the maximum magnitude of the angle of attack 
@ on the subsonic section of the trajectory, the initial 
pitch angle % <1 and angular velocity ®yy On the second 


stage. This method is expedient for rockets with a 

number of stages greater than two. On all stages 

starting with the second, the pitch angle snould be 
descrihed by a Single linear dependence of the form 

@ = P - Pt. Considerable deviations from it lead on!- 

to losses of ranze. However, sometimes they are inevi ¢:le 
for the satisfaction of requirements mentioned above 1: 
point § § 44. 
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§ 44, Selection of the Program of Minimum Dispersion 


Let us consider now, as is considered during the selection of the program, the 
condition of minimum dispersion. From expression (42,3) it is clear that with 
improvement of the mithod of turning off the engine requirements put to the program 
for the purpose of fulfillment of conditions of minimum dispersion are reduced, and 
the role of the program is as reduced, 


Really, in variation of range AL there appear variations of kinematic parameters, 
induced by cnly the deviation 59(t) of the program of pitch from the nominal, But * 
the perfected control system strives to turn the variation AL into zero independently 

what is the cause of tne appearance of tnis variation, 


It is possible to imagine the method of turning off of the engine founded on = 


the measurement of all six parameters of motion and continuous caiculation with the 
help of a special flying range computer: 


L= fiv,. Vy. UV ZX. y. 2) (44.4) 
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L= f(x;,). t=1, 2,..., 6, 


where Xqn ces X65 are any six quantities connectcd one-to-one with Vyo secs Zs which 


can be measured by the range control system. When a given function attains an : 
assigned value, the command for turnin. off the engine is sent, 


‘ Obviously, in this case methodical errors, including those induced cy deviation 
co(t), will be reduced to zero, and deviations in range will appear only as a result 
of instrumental measuring errors of parameters of motion. Correct to linear members 
vne range error will be equal to 


eL oL OL . 
AL = 2 Prat oo At at ayy eet op Ate t 


aL OL 
+ Avett op iz. (44.2) 
or 
6 ot ; 
AL= Dia Set 
al i 
where AVA? AVY Cay 42, or AXs are instrumental errors of measurements of 


corresponding parameters, 


The influence of the program of the pitch angle on range dispersion in the : 
examined case will appear in terms of derivatives oL/dv,» OL/ovy see, OL/Oz, 


dependent on the computed values of parameters of motion at the time of turning 

off the engine. Therefore, in principle with the help of the selection of the 
program it is possible to minimize the magnitude of the standard deviation in range. 
This deviation, if one were to consider instrumental errors Av, , ..., dz, (4x; 4) 


random and independent and designate the correspo:.ding mean quadratic errors of 
measurements OVys eeey O% (ox, )» it is possible to record in the form 


(44.3) 





or 


‘ oL = |/ ¥(a-o..)'- 


Derivatives of distance with respect to parameters of motion should be considered 
functions of parameters of the program, and such values of the latter, which reduce 
the value of expression (44,3) to a minimum, should be found. 


The formula for turning off the engine (44.1) can be presented in another forn, 
decomposing the function in Taylor series in the vicinity of the calculation point 
in powers of deviations of parameters of motion from computed values: 


6 
AL= D(se ast Speed) + 


6 
FL ‘ 

+ 3 aes Ax, Ax,+ ...=0. en) 

<j u 
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If in formula (44.4) we are limited by the final nucber of terms of expansion, for 
example, only by linear members, then besides instrumental there error will appear 
methodical errors in the form of the sum of rejectcd members, It is clear that 
with the help of the program of pitch angie it is psssible to influence not oniy the 
instrumental errors but also the methodical, using the dependence of coefficients of 
formula (44,4) (1.e., partial derivatives} from the prorram. Rut here another 
circumstance is important, which occurs in the dependence of methodical errors on 
quantities ax, which in the end are determined by having an effect on the rocket ir 


flight by random perturbations. Methods of the determination of the influence on 

the trajectory of small deviations of design parameters and certain other causeé 
were discussed in Chapter ix. Using these methods, on: can determine fo. an as3igned 
totality of random independent perturbations and for the asiigned program of pitch 
angle the deviations in range under the condition of the turning off of the engine 

by the assigned formula. This wili give to us methodicai errors in range. 


Thus the problem 1s reduced to the selection of paramoters of the program from 
the condition of the minimum of the tctal standard deviation in range owing to both 
methodical and instrumental errors of control, 


The described approach to the selection of the program of minimum dispersion is 
quite common ari is uceful for any methods of turning orf of the engine, Let us 
dwell more concretely on methods connected with the application of integravurs of 
G-foreces in different variants, 


For the case when the turning off of the engine js vroduced from the integretor 
of axial G-forces, the formulas for the determination of methodical end instrumental 
errcrs were obtained in § 36 and 37. The equation of the operation of the simplest 
integrator 


& t 
v, w= 7COsa + fesnvert J opsinaas 
é 


does not contain any coefficients, selecting which properly it would have been 
possible to affect methodical errors in range. Thus both methodical and instrumental 
errors are only functions of parameters of the pitch angle program, It is ass:imed, 
of course, that the probability characteristics (in the first place standard 
deviation} of tie random error of measurement of apparent speed are the given valve. 
Thus scatterings of perturbing factors are assigned. We see that the problem is 
reduced to the determination of values of a certain quantity of parameters of the 
program from the condition of the minimum of totel deviation in range. 


The integrator of axial G-forces with temporary compensation permits ordering 
one more value, namely, the coefficient of compensation, For every program determined 
by the totality of some quantity of its parameters, it is possible to examine the 
turning off of the engine at different values of the coefficient of compensation, 
but with assigned probability characteristics of instrumental errors and perturbing 
causes, The value of the coefficient of compensation with which will be realized 
the minimum error in range wili be optimum for 4 given program. 


Inasmuch as such a relative minimum exists for every program of the examined 
family, it is necessary to select that program ani that coefficient which give 
absolute minimim of deviation in range. However, the selection performed by the 
descrived method will give the best result only for some one ... moment of turning 
off of the engine, 1.e., for some one range. Thus, theoretically it would be 
necessary to have an infinite quantity of programs and selected coefficients of 
compensation respectively, In practice we manaye with a small quantity of programs 
covering a whole range of ranges. Of course, it; is necessary for some ranges to 
retreat from condi*ions of providing the minimum possible dispersion. 


Approximate?y the same way is the matter with the selection of programs in the 
cage or turning off of the engine from the integrator with a constant inclination 
of the axis of sensitivity, i.e., installed on the stabilized platform. Here there 
fe examined the problem on the miniuization of total deviation in range owing to 
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the definite quantity of parameters properiy of the program and angle of inclination 
of the axis of sensitivity of the integrator. 


If the controlling functional is complicated by the introduction of double 
integration of the G-force, then with minimization of deviations in range the 
direction of the axis of sensitivity along which calculation of the apparent path is 
produced will also be subject to the determination, 


It 1s not difficult to see that almost in all problems minimization should be 
produced according to the quantity of parameters fluctuating from one to five, 
Since the strict solution is sometimes hampered even with the application of 
electronic computers, it is possible preliminarily to conduct an analysis of the 
dispersion, With this instrumental errors depending upon the program and methodical 
errors are examined separately for more or less suitable programs depending unon 
coeffictents of the controlling functional oer of compensation, directions 
of axes of sensitivity, and so forth). In 37 it was showr that optimum values of 
the indicated coefficients from the condition of the minimum of methodical error 
are determined quite simply. This occurs, as a rule, sufficiently in order to dwell 
on some nerrow beam of programs and formulate a concept about basic regularities 
which are obeyed certain components of the total deviation in range. 


By conducting similar cajculations for the upper and lower boundaries of the 
accicned ranre of distances and also for one-two intermediate points, there can be 
made a selection o1: vuln the number of prugrams and the tumericai values of parameters 
of these programs. It is necessary to remember that programs of both mininum 
dispersion and maximum range essentially depend on the direction of firing and 
latitude of the launching point. With firing to the east the effect of rotation of 
the earth (Coriolis acceleration and turn of gyrosccpes expressed by the angle Y5) 


as if lifts the trajectory, makes it steeper, and with firing to the west, conversely, 
the trajectory is as 1f pressed to the earth and becomes more sloping. Therefore 
programs of the pitch angle in the first case should place the rocket at smaller 
angles of inclination of the tangent to the trajectory and in the second case, at 
larger angles. It is natural that this effect is increased with a decrease in 
latitude of the point of launching. 


Everything that has been said does not exhaust all the problems connected with 


selection of the program but gives an approach to the solution of problem and fixes 
attention to the most essential sides of the problem. 
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Pig. III. Graph of the change in coefficient k depending upon % and T. 
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Fig. IV. Graph of the change in coefficient k depending on L and T, 
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U. S. BOARD ON GEOGRAPHIC NAMES TRANSLITERATION SYSTEM 


Block Italic Transliteration Block Italic Transliteration 

A a A 4 A, & P p P23 R, r 

B 6 B 6 B, b Cc c¢ Ce s, 8 
Bs Be Vv, v T ft T om r,t 
rer re G, € y y y y U, u i 
aos Za D, @ o> 6 od ¢ F, f 

Ee Ee Ye, ye; E, e x x X x Kh, kh 

” =m M «uw Zh, zh uu Hy Ts, ts 
3:3 3s Zs Yu Ya Ch, ch ! 
Koa Hou I, i wu ww Sh, sh i 
A a Aa Y, ¥ wu Hwy Sheh, sheh { 
K x Kr K, k br» bs " i 
ya a L, l How Alow Y, ¥ 
MoM Moat M, @ b -b b 6 ' ie 
Hu HN N, on 3 a 39» E, e 
O o 6 oe 0, 0 OW ev WD YW Yu, yu : 
non qos P, p Fe H a Ya, ya 


* ye initiaily, after vowels, and after 4, bj; e elsewhere. 
en written as #@ in Russian, transliterate as yé or &. 
The use of discritical marks is preferred, but such marks 
may be omitted when expediency dictates. 
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